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JIEKIIUH 110 TEOPUU PSA1OB
YACTD 1: UMCJIOBBIE PAIBI
Jlexknus 1
Omnpenenenne psaa U €ro CyMMbI

Hectporo rosopsi, 4ucioBoil psii —3T0 OECKOHEYHAsE CyMMa YKCell.

111 1\ .
Ilpumep 1. BrlpaxeHue Bujia 1+§+Z+_+"'+ —| +.. €CTb YHCIOBOU PSI.

8
COCTaBI/IM TaK HAa3bIBACMbIC YaCTHBIC CYMMEBI 3TOTO pﬂz[a:
S=1,
1 3
:1+—:—;
> 2 2
117
=1+—+—=—
> 2 4 4

1 n
(Y
Sn:1+1+1+1+...+(1) = 2 =2E61 1nj=2 nl—l
2 4 87 \2 11 2 2
2

(mpu moxcyere S, MBI MCIOJIB30BAIM M3BECTHYIO M3 IIKOJIBHOTO Kypca (Gopmyiry
CYMMBI N YICHOB r€OMETPHYECKON MTPOTPECCHUH).

EcTecTBEHHO MOMNBITATBCS B BBIPAKEHUU Uil S, MEPEUTH K Mpefely Npu
N- o . IHTYUTUBHO SICHO, YTO B 3TOM ciy4yae cymma S, Oyner "mpubmmkarbes’ K

BBIMMUCAHHOW B YCJIOBUHM NpUMepa OCCKOHEYHOW CyMMeE, KOTOPYHO Mbl 0003HAYMM
gepe3 S Umeem:

1
)=2—O= 2.

: : 1 :
S=limS, =lim (Z—F) :2—Ir!m (2”‘1

n- oo n- o — 00

Teneps, pyKOBOACTBYSICh MHTYUTUBHBIMH COOOPAKEHUSIMHU, U3JIOKECHHBIMU B
npuMepe 1, 1aauM CTPOroe ONpeIeICHIE YUCIOBOTO Psijia U €T0 CYMMBI.
Onpeodenenue 1. Ilycts uj,u,,..4, ,.— I€UCTBUTENIbHBIC Ynciia. BeipaxkeHue

D U, =U UL AU,
(1
HA3bIBAETCS YMCIIOBBIM PAIOM C OOIIUM YICHOM U, M YACTHBIMH CyMMAaMH
S=u;
SZ = ul + u2’

83:u1+u2+u3;

S,=U +U,+uz+..+U,;



Psn (1) Ha3piBaeTCsl CXOMSAIIUMCS, €CIHM CYIIECTBYET KOHEUHBIH mpeaea limsS, .

n- o

B sToM cinyuae yuciio S=limS, Ha3bIBaeTCs cymMMou psaa. Eciu xe npenen limS, He

n- oo n- o

cymiectByeT (WU paBeH 0eCKOHEUYHOCTH), TO psij (1) Ha3pIBaeTCs pacXOISIIAMCS.

B mpumepe (1) MBI paccMOTpENN CXOASIIUICS P ¢ CYMMOM S=2.
Llpumep 2. PaccMotpuM psia: 1+(-1)+1+(- D+ ¥ (- )+.... BeIunciauM ero yacTHble
CYMMBI:
5=15,=0,5,=15,=0,S.=15.= 0,.S, = 1S,= O...
SIcHO, 4TO moJlydyeHHasi MOCJIEAOBATEIBHOCTh YACTHBIX CYMM IIpE€Jesia HE UMEET.
[ToaTOMY NaHHBIN PsiJl PACXOAUTCH.

Ilpumep 3 (o6o6menune mnpumepa 1). Ilycte qOR. Paccmorpum psif,
COCTaBJICHHBII U3 YICHOB FT€OMETPHUUECKON POTrPECCHH C YACTHBIM (:
1+q+g°+q°+..+9" ...
Paccyxnast To4HO Tak e, Kak B mpumepe 1, ierko mokasaThb, 4To npu |kl TaHHBIH

1 o
PAIl CXOAUTCS U UMEET CyMMY S:rq. Ecnu xe |gEl, TO U3 Mocieayrome TeopeMbl

1 BBIBOAUTCS, UTO JAHHBIN PsAJl SIBIASETCS pacxoasiuMmcs. YuTarento npesjaracTcs
MIPOBECTH BCE HEOOXOAMMBIEC BHIKJIAIKH.

Teopema 1 (HeoOxoaumblii mpu3Hak cxogumoctu psiga). Ecom psan (1)
CXOZIUTCS, TO €0 OOIINH YIeH CTPEeMHUTCS K HYJIIO, TO ecTh limu,=0.

n- o

Jloxazamenvcmeo. UmeeMm:
ST tU AU, s

S,=y, +u,+..+u._,+u, .
Brrunras u3 BTOporo paBeHCTBa MEPBOE, MOIydaeM U,=S —S , U, CIEJ0BATEIbHO,
limu, =lim(S,-S,,)=lim S, -im S, ,=S-S=0.

n- o n- oo n- o n- o

Ha mpaktuke TeopeMy 1 wamie BCEro HCMOJB3YIOT B CIEAYIOIIEM BHUIE
(mocTaTOUYHBINH NPU3HAK PACXOUMOCTH PAIA):

ecJId nmpejena oouero yieHa psaa (1) HepaBeH HYJIIO JH00 He CYIIECTBYET,
10 psia (1) pacxoauTcs.

JlewictButensHo, ecau Obl psia (1) cxomuics, To mpeaei ero oOIIero 4jieHa
ObLT OBl paBeH HYJIO.

Ilpumep 4. Pag 1+1+ 4. +H... pacxonuTcs, Tak Kak IIpu Bcex N u =1 u,

CJIeIOBATENbHO,. limu,=1#£0. Psin u3 nmpumepa 2 Takke pacXoAMUTCs, Tak Kak limu, He

n- o Nn- oo

CYILIECTBYET.



3ameTtuM, uTo ecau limu,=0, To U3 3TOrO, BOOOIIE TOBOPS, HE CIEIYET, YTO

Nn-oo
pan (1) cxomures.
Ilpumep 5. PaccmoTpuM psifi, Ha3bIBAEMbIH TAPMOHUYECKUM PSIIOM:

111 1
T+ 4+ .,
2 3 4 n

1 . 1 o
31ech un:E U, crefoBaTenbHO, limu, =lim==0. OnmHako B JanpHEWIIeM OyneT

n- o nﬂoon

JIOKa3aHO, YTO JIAHHBIN PSIT PACXOIUTCS.

Teopema 2. Tlycte ¢,C0R. Ecnu psiasl Y u, ¥ Y U, CXOIATCA M MX CYMMBbI
n=1

n=1
COOTBETCTBEHHO PaBHbI SU S, TO psf Z(cmn +ElI'In) TaK)Ke CXOJUTCS U €ro cymma T
n=1

paBHa

c[S+CIS, To ecTh cpaBenauBa Gpopmya:

[

> (cm,+c@,) = c[iun +E[iﬁn :
n=1 n=1

n=1

Hoxazamenvcmso. O603HaUUM yepe3 S U S, YaCTHBIE CYMMBI PSJIOB ZUn 51
n=1

[

D0, ,audepe3 T, —4aCTHYIO CyMMy psijia Zm:(cmn +E[ﬁn) . Umeem:
n=1

n=1

T, :(cm1+6lfil)+(cm2+6lﬁz)+...+(cmn +6lﬁn):(cm1+cm2+...+cmn)+(E[ﬂ’1+'6lﬁ2+...+6lfin):
:c[tul+u2+...+un)+6[ti]l+G2+...+Gn):c[EBn +81S, .

[ToaTomy
T=limT, =lim (c[$n +5[§n)=cmm S, +ClmS, =cB+C[5.

n- o n- o Nn- oo n- oo

W3 TeopeMbl 2 JIETKO BBITEKAIOT CICIYIOIINE YTBEPIKIACHHUS:

1) ecnmu Bce WIEHBI CXOJIAIMIETOCSA psIa YMHOXHUTh Ha OJHO WU TO IKE
JICHCTBUTEIBHOE YUCIIO, TO MOJYYSHHBIN PsiJ] TAK:KE OyIeT CXOIUTCH;

2) CyMMa ¥ pa3HOCTh JABYX CXOJISIIUXCS PSJIOB €CTh CXOSIIUECS PSIJIbI,

3) ecnu cymMMa WM Pa3HOCTb JIBYX PSJOB €CTh PsJl CXOISIIUNCS U OJUH W3
ITHX PSIIOB CXOJUTCS, TO CXOAUTCSI K BTOPOU PSII.

YuraTelto npe/yiaraeTes 10Ka3aTh 3TH YTBEPIKICHHUS.

Onpeoenenue 2. OcratkoM psina (1) HazbIBaeTCs P

Ry ZUya FUysp Uyt

Takum o6pa3om, popMaTbHO MOKHO 3aIHCATh:
W +Uy+ o AUy Uy Ut =Sy Ry
Jlemma 1. Psn (1) cxoauTes TOT/Ia M TOJIBKO TOTJA, KOTIa OCTATOK ATOTO psijia
CXOJIUTCSI.



Hoxazamenvcmeo. O003HAYMM YacTHBIE CyMMBI ocTatka R, psma (1) gepes

S, . Umeewm:

S Z Uy FUysp TUy s+ UG = S00 Sy -
3ametuM, uto 31ech N — dncno ¢ukcupoBaHHOE, a N U3MEHSAETCS OT €IWHHUIIBI JI0
oeckoneyHoctn. Takum oOpazoMm, S, ecTh KoHCTaHTa. ClegoBaTeNbHO, €CIU

CYLIECTBYET U KOHEUYEH |limS,,, To IimS, =limS, , —S, 4 limS, TakKe CyLIEeCTBYET U
N-oco n- o n- oo N-oo
koHeueH. OOpaTHO, €CiiM CYIIEeCTBYeT M KOHeueH |limS , To u limS, =limS +S,
n- o n- o n- o

CYHICCTBYCT U KOHCUCH. OTCIO,Z[a BBITCKAIOT YTBCPKACHUA JICMMEI.

Ms1 OymeM 4acTo MOJIb30BaThCs JeMMOUM 1, Tak Kak OHa J1aeT BO3MOXKHOCTh
O0TOpachIBaTh MPU HEOOXOAMMOCTH JIF000€ KOHEUHOE YHCIIO YICHOB psjia U paboTaTh
TOJIBKO C OCTaTkoM psana. OmnpenenuB, CXOAUTCS WM PACXOJMUTCS OCTATOK, Mbl
HEMEIJIEHHO MOJIy4aeM COOTBETCTBYIOLINE 3AKIFOUYECHUS U O CAMOM PSJIE.

PH,Z[BI C IIOJOXUTCIIbHBIMHU YJICHAMU

3aiimemcs Oosiee TOAPOOHO M3yYEHHEM PSAAOB C MOJOKHUTEIBHBIMU YICHAMHU.
OO1ue uneHbl TaKUX PsIIOB MbI OyneM 0003HauaTh OykBamu a, W b,. CHavana mbl
chopmynrpyem 6e3 J0Ka3aTeabCTBA P MPU3HAKOB CXOAUMOCTH JUIS TaKUX PSAIOB U
paccMOTpUM TpPUMEPHl MPUMEHEHUS HTHX NPU3HAKOB, a 3aTEM IPUBEIEM BCE
HE0O0XOAMMBbIE TOKa3aTeNbCTBA.

[TycTp man psn:
a_=a, +a,+a,+..+a_+..,
Zl T ta,tagt.+a, @

BCE YIEHBI KOTOPOTO IOJIOKUTENbHBI. OUYEBUAHO, YTO YaCTHBIE CYMMBI 3TOIO psla
MOHOTOHHO BO3pacTalwT, TO ecTb S<S,<S,<..<S <... Kak wusBectHo u3 teopumu

npejesioB, B 3TOM ciiydae limS, Bcerjga CymiecTByeT, HO CIEIyeT pa3iaudaTh JBa

n- oo

ciryyas:
1) limS, <o u psix (2) cxogutes (cM. mpumep 1);

2) imS, =eo u psin (2) pacxomutcs (cMm. mpumep 4,rae S,=n).

OTo0 mpocTtoe 3aMeuyaHue Mbl OyJeM 4YacTO HCIHOJb30BaTh B JOKAa3aTENIbCTBAX
IIPU3HAKOB CXOANMOCTH.

[Ipexxne Bcero copmynupyeM Tak Ha3bIBA€MbI HHTETPANbHBIA MPHU3HAK
CXOAMMOCTH psiga. Mpl OyaeM mpeanonaratb, 4To wWieHbl psga (2) MOHOTOHHO
yObIBaIOT, HaumHas ¢ HekoToporo Homepa N, To ectb a,=a,, =a,,,2... Bcerma
CYIIECTBYET TaKass MOHOTOHHO yObIBaroiasi Ha uHTepBayie [N,) pyHkus f(x), 4yTo
f(N)=a,, f (N+1)=a,,,, f (N+2)=a,,,... Hanmpumep, pynkuuto f(x) MOXKHO MOCTPOUTH
TaK, KaK II0Ka3aHO Ha PUCYHKE:!



Ya OOBIYHO aHATUTHYECKHH BHUJ O0OIIEro

ay YJIeHa a, yKe ABTOMATHUYECKU
B JIOCTaBIsieT  BUJI  (PYHKIIHH f(x).
Ay+z 1
N+3 Hanpume eclm a =—— TO
o . " niln(n+)
0O N N+1N+2N+3 X 1
f(X)=—————. B nmanpHeimeM, d9TOOBI

xIh(x+1)
HE 3arpyxartb 0003HaueHus, Mbl BMecTO f(x) OyaemM mpoaosKaTh MUCaTh a,,
cuuTas, YTo €cjIi h=x, To a,=f(x).
Teopema 3 (unrterpaiabubiii mpuzHak Komm). [lycte cymecTByeT Takoi
Homep N, uTo a,=a,,,=a,,,....

Ecnu jandn<oo , TO psix (2) cxoauTcsi.
N

Ecnu j a,dn=co, TO psizx (2) pacXoauTCH.

Ipumep 6. Paccmotpum ps Z; 3ech 8=~ 1 SCHO
HLDUAMED 2. puM pAi ~(n+1)In(n+1) A " (n+1)In(n+1) ’
YTO OOLIMIA YIEH MOHOTOHHO y6BIBaCT. Nmeem:
t=In(n+1),
T T dn
dt=——-, ——Int 200.
J- J;(n+1)ln(n+]) n+1 l;L

=15 t=In2 n=c - t=co

JIaHHBIN psA PACXOAUTCS 110 UHTETPAIBHOMY ITpu3HaKy Komm.

JIEKIIMU I1O TEOPUU PSAJ1I0OB
YACTD 1: YUCJIOBBIE PAbI
Jlexknus 2

CHC,Z[y}OH_II/Iﬁ IMpUMEP ABJIACTCA OJHHUM M3 BA)XKHECHUIIINX B TECOPHUHU YHUCIIOBBIX

PSIOB.
Llpumep 7. PaccmoTpum psij
wi—1+i+i+ +i+
=nP T 2°P 3 " P 7 (3)
rme P — HEKOTOpOe JEHCTBUTEILHOE YHWCIO. OTOT Pl Has3bIBaeTcs -

rapMoOHM4YeckuM psigoM. HMcciengyem ero Ha CXOAUMOCTb MPH  Pa3IMYHBIX
3HAYEHUSX Mapamerpa p.



OdyeBugHO, 9TO eciau p<0, TO OOMMI UIeH JAHHOTO psAJa MOHOTOHHO
BO3pacTaeT M, TaKUM OOpa3oM, HE MOXET CTPEMHTbCS K HYIIO, TO €CTh PSI
pacxXoAMTCS 0 JTOCTATOYHOMY IPHU3HAKY PACXOaUMOCTH (CM. Teopemy 1).

[Ipenmonoxum teneps, 94to p>0. [IpuMeHnM mHTETrpasibHbIN npu3Hak Ko
(cMm. Teopemy 3):

n?|”
< 1 < — , eciu pZ£L
jandn:j—pdn:jn‘pdn: —p+l; P
n
1 1 1 o
Inn‘l yecau P=1

s 1 1
Ecan 0<p<1, TO jandn:ﬁml‘p :oo—ﬁmo, CJICIOBATCIIBHO, s pacXOaUTCH.
1 1
Ecau p=1, 0 jandnzlnnlf =00—0=c0, CI€OOBATEIbHO, OIATEL PSIJ] PACXOIUTCH.
1

Ecnmu p>1, To jandn: 1 Dl | = 1
1

1
=——<00, OTKY/Ia CJIEIYET, UTO PSAJ CXOIAUTCH.
1-p np—1|l 1-p p-1 yA ay psn cxXon
Wrak, MBI DONyYnunau CIHEAYIOIIYIO KapTHHY. ecad p<l, TO pP-

rapmoHudeckuii psa (3) pacxoauTcs; ecim ke p>1, To psaa (3) cxoaurces.

Teopema 4 (mpusnak [lamam6epa). [Ipenmonoxum, dYTO CYyIIECTBYET
(koHeuHbIH WM 0ECKOHEUYHBIN) Tpeae

D=limos
nee @
Eciu D<1, To psan (2) cxoaurcs.
Ecim D>1, To psan (2) pacxoautcs.
Ecin D=1, to psax (2) B 0gHUX ClOydasX MOXET CXOIUTHCS, a B JAPYTUX —

PacXOJIUThCA.

Llpumep 8. PaccmoTpum psij
-n 12 3 n

n n+1 .
Brruncnum napamerp D. Tak kak aﬁ?’ ., =S TO:

A, . (n+)2" 1 n+l 1_ n 1
D=lim—%=lim ==[im —==lim —==<1
neo @ onee 2™MA 0 2nee N 2neen 2

(mpu BRIUUCIIEHUU TIpejiena Oblia MPUMEHEeHA SKBUBAJICHTHOCTH: N+1[In mpu n- o).
Tak kak D<1, TO psAll CXOIUTCS MO MpU3HaKy [lanambepa.

Ipumep 9. Viccnenyem Ha CXOAUMOCTD PSII:
>3 9 27 3"
D=t A+,
—=Inn In2 In3 Inn

n +1

3necpr a,=—, a_,,= IIODTOMY:.
" Inn" ™ In(n+1)’ Y




_a . 3"hn Inn
D=lim—2=|im =31im .
neo g neoln(n+)@ T n-=in(n+)

Tak kak BBIpOKEHHE TOA TOCICIHUM TIPEAEIOM TMPEACTaBIsET COOOM

(o))
HCOMMPCACICHHOCTL THIIA (—), TO JId BBIYHUCICHHA JOTOIrO0 IIpCaAcia MOXKHO
(o))

IpUMEHUTH ITpaBwiio Jlonuransa. Mmeewm:

1
Inn n n+1
D =30im———=3Mlim——=3lim —=3>1
neoln(n+l) n-e 1 nw
n+1

Psin pacxonutes no npusHaky /lanamoepa.

IIpumep 10. PaccMoTpuM psif:
- 1 1 1

= +
ninn 2In2 3n3 ninn

Tak kak a, :m, (= :W , TO

an+l=|im ninn —tim " mm Inn
neo @ n-=(n+1)in(n+1) n-en+1ln-=Iin(n+]
(BBIUMCIIEHHE TIOCTEAHEr0 mpenena mposeneHo B mpumepe 9). Tak kak D=1, To B
JaHHOM clydyae npusHak JlamamOepa He HaeT OTBETA O CXOAUMOCTH JHOO
pacxogumocTr psagal OJHAKO TOYHO TaK K€, KaK B IpUMeEPe 6, TOKAa3hIBACTCS, YTO
JaHHBIA P PACXOMUTCS 10 HHTErpaIbHOMY npu3HaKy Komm,

=11=1

Ipumep 11. [lonsiTaeMcst Tenepb NPUMEHHUTH NMpU3HaK Jlanambepa K psny:

$ L 1,1, .1
~n’lnn”4In2 9n3 " n?lnn
Tak kak a, = 1 a.= 1 TO
" nfnn’ T (n+2)2In(n+1)
-V n*lnn , n’ Inn .n
D =lim =lim =lim (im =lim—A=11=1
e a, nee(n+)’in(n+) mee(n+)? neein(n+l  neen

u npusHak JlanmamOepa (kak u B npumepe 10)oTBeTa He 1aeT.
Tak xak oueBHIHO, YTO OOMIMK YJI€H @&, MOHOTOHHO YOBIBA€T, TO MOKHO

IIPUMCHUTD PIHTCI‘p&J'IBHBIfI IMPpU3HAK Komm. HpI/IMCH}I}I CBOMCTBO MOHOTOHHOCTH
HHTCTpaja, UMECM.

© 3 0 —1|% 0
j 21 dnsj 21 dn< 1jn‘2dn: Sl | S ING - [RVW S E
> N7 Inn > N“In2 In2s, In2 —1‘2 In2 n|, 2In2 2In2

Takum 06pazom, psii CXOAUTCS MO UHTETpaIbHOMY Ipu3Haky Kou.

Teopema 5 (papukaabHblii npusHak Komm). [Ipeamonoxkum, dro
cymiecTByeT (KOHCUHBIN MM OCCKOHEUHBIN) TTpeIes
C=limy/a, .

n- oo



Ecim C<1, 1o psan (2) cxogurcs.

Eciu C>1, to psn (2) pacxoautes.

Ecmu C=1, 1o psin (2) B OAHMX CIIydasiX MOXKET CXOIUTHCS, a B JPYIHX —
pPacxXoIUThCS.

00 n2ﬂ
Ilpumep 12. Viccnenyem Ha CXOAUMOCTD PST Z

n
n=1 n

2" ¥nl2_ 2
C=lim§/——=lim =lim & nlim —.
n- oo n n- o n Nn- oo nﬂoon

. .2
N3 teopun mpenenoB M3BECTHO, UYTO limYn=1, u oueBMmHO, 4TO liM—=0. [TorTomy

n- o n—>oon

C=0<1 1 psAa CXOAMUTCA 110 paAUKAIbHOMY Ipu3HaKky Komm.

. Beruncnum napametp C:

nZ

Ipumep 13. TlpuMeHUM pauKaIbHbINA npusHak Komm  psagy Y| ol Tak kak
n=1
5° _(5")"
aI"I = n :( ) 1 TO
n" n
5" 5'h5
C=limy/a, :|im—:(fj =im —o0>1.
n- o n-o N (oe] n-oo

Psin pacxonutes no paaukagsHOMy npu3Haky Korm.

Teopema 6 (mpu3HaK cpaBHeHH). [IycTh UMeeTCs A C MOJOKUTSIBHBIMU

YjIeHaMu
nZ:;bn—bl+b2+b3+...+bn+..., @)

OTHOCHUTEIIBHO KOTOPOTO M3BECTHO, CXOIUTCS OH WJIH PACXOIUTCS.

Ecnu, HaunHas ¢ HekoToporo Homepa N, BBIIOJIHIETCS HEpaBEeHCTBO a <b , a
pan (4) cxomutcs, To psx (2) TakkKe CXOIUTCH.

Ecnu, HaunHas ¢ HekoToporo Homepa N, BBIIOJIHIETCS HEPAaBEHCTBO a, =h , a
pan (4) pacxogurcst, To psan (2) Takke pacXOaUTCS.

Inn

2. Inn
Ilpumep 14. PaccMOTpuUM psij ZF 1 omeHku oOmiero 4ieHa a":F

n=1
MIPUMEHHUM XOPOIIIO U3BECTHOE HEPABEHCTBO: InXx<x mpu x>0. Mmeem:
Inn n 1

a < .
"R p2 o

0 0 1
Ho psn an=ZF ABJISIETCSI P-TAPMOHUYECKUM PSAOM ¢ p=2>1. B COOTBETCTBUE C

n=1 n=1
HCCIIEIOBAHUSIMHU, MIPOBEJACHHBIMU B TIpUMepe 7, 3TOT psija cxoauTcs. CienoBaTebHO
Y UCXOJHBIN Psifi CXOJIUTCS IO IPU3HAKY CPABHEHMUSL.

10



Ilpumep 15. Ilyctb naH psin Zﬁ Omsite (kak u B mpumepe 14) ucmonb3ys
n=2

HCPABCHCTBO Inx<x, IIOJIy4acM.

>1-:b

a=-——> )
Inn n

n

(o) (2] 1 o
Ho psan Y b, :ZE SIBIISICTCSI TADMOHUYECKHUM PSIOM (TO €CTh OH P-TApMOHUYECKHI C

n=1 n=1
p=1).
W3 mpumepa 7 cienyer, 4TO 3TOT PsiA PACXOAUTCA. 3HAYUT, U HCXOAHBIA psiA
pacxoauTcs.

Teopema 7 (mpu3Hak »3KkBuUBajJeHTHOCTH). I[lycth a [lb, mpu n- oo

. a
(HAamOMHUM, YTO 3TO MPOCTO O3HAYACT BHIMIOJHCHHE PABEHCTBA Ilmb—”:l). Torpa
n- oo
n

paasl (2) u (4) cxoadarcs Wik pacXoaaTCsl OTHOBPEMEHHO.

© n?-5n+7
Ilpumep 16. UccrnenyeM Ha CXOAUMOCTH PA
[Ipumep 16 1y i psn §n5+8n4+6n3_5

TOT (akT, 4YTO TPU CTPEMJICHUH apryMeHTa K OECKOHEYHOCTH MHOTOWICH
DKBUBAJICHTEH CBOEMY WIEHY C MAKCUMAaJIbHOU CTEIEHBIO, II0IyYaeM:

. [Ipumenss

n®>-5n+7 n> 1
a= [(F~="=b .
" n°+8n*+6n°-5 n> n® "

[ee] [ee] 1 . .
Tak kak psin an=zF CXOJIUTCSl KaK P-TapMOHUYECKUN ¢ p=3>1, TO U UCXOIHBIN

n=1 n=1

pAa CXOOUTCA 11O IIPU3HAKY OKBUBAJICHTHOCTH.

- n
Ipumep 17. Paccmotpum psin ) —5—— . Umeem:
"2n2+3n+1

n 11
a = 3 [ n3 =§B_1=bn'

2n2+3n+l 2n2 ~ n2

> 1 .« 1
Tak Kak psam ) — pacxoautcs (OH P-TapMOHUYECKHI C pzasl), TO U3 TEOPEMBI 2
n=1l_ >
n2

JNIETKO CIIeJyeT, 4TO P an:zz 7+ Taxke pacxoaurcs. Torma mo mHpHU3HAaKy
n=1 n=1 2
n2

O9KBHUBAJICHTHOCTHU I/ICXOI[HBIﬁ pAa TaKXKE pacxXoanuTCA.

>, n*+6
Ipumep 18. Vccnenyem psaa D In L [IpeobpazyemM BeIpakeHUE, CTOSIIECE
n=1
0JT 3HAKOM Jiorapudma, CIeayroImuM 00pa3oM:
n‘+6_(n*+5)+1 45 1 1

n*+5 n*+5 n*+5 n*+5 = n*+5’

11



CraenoBarelibHO,

‘+6 1 1 1
In_. =|n(1+ ; )D = _[O==b
n*+5 n“+5/ n"+5 n

(repBasi SKBUBAJCHTHOCTh ©CTh CIICACTBHEC W3BECTHOH W3 TCOPUU MPEACIIOB

00 o0 1
SKBHBaJIEHTHOCTH In(1+x) (X mpu x- 0). Tak kak psin an=zF CXOJIUTCA, TO U

n=1 n=1

HCXOI[HBIﬁ PAA TAKKEC CXOOUTCH.

JIEKIIUHA 11O TEOPUU PSIIOB
YACTD 1: UYMCJIOBBIE PABI
Jlexumst 3
Psiztbl ¢ TpOU3BOJIEHBIMY YICHAMM
Bepuemcss k paccmorpenuto psaa (1), cocTaBIeHHOTO W3 MPOU3BOJIBHBIX

JIEWCTBUTEIBHBIX YUCEI.
Teopema 8 (Mpu3HAK adCOMIOTHON cxogumocTn). Eciu psag

zu =+ -

COCTaBIICHHBIN U3 MoayJeH wieHoB psaaa (1), cxomurces, To psaa (1) Takxke CXOIUTCA.

Ipumep 19. PaccMoTpuM psif
i:(—l)n+1 11 (-n™

=l
n=1 n

U PsiJT, COCTaBJIEHHBIA U3 MOYJICH YJIEHOB ATOTO psJia:
=1 1 1 1

2~ 2 2 2
pg 2° 3 n
BTopoit psa cxoauTcs Kak P-TapMOHMYECKUH C p=2>1. 3HAYUT U HUCXOJHBIN Pl

CXOJIUTCS TI0 TPU3HAKY a0COFOTHOW CXOAMMOCTH.

B npumepe 20 Oyner nokazaHo, 4To Teopema, oOpaTHas TeopeMe 8, HeBepHa,
TO ecTh U3 cxoaumoctu psza (1) e ciaexyer cxoaumocts psaa (5).

Onpeoenenue 3. Ilycte nan psn (1). Ecim mocrpoennsiii o Hemy psia (5)
CXOAMTCS, TO MCXOMHBIN psizt (1) Ha3bpIBaeTCs a0COTOTHO CXOSIIUMCS

BBenem Takike ciienyroiiee BaxHOE ONpeIeIeHHUE.
Onpedenenue 4. Ilycts npu r060M n=1,2,3... a,>0. Psn

00

o _ _q\nt
D (-)™a,=a,—a,+a ..+ a +. (6)

n=1

12



Ha3bIBACTCA 3HAKOUYCPCAYIOINMCA PAIOM.

3HaKOYepeAYIOIIUNCS psJl ObUT paCCMOTPEH HaMu B mipumepe 19.
Teopema 9 (npu3nak Jleionuna). Eciu B 3Hakouepenyromemces psae (6)
4JieH a, MOHOTOHHO YOBIBaeT K Hymo, To psa (6) cxomgurcs. OcraTok 3TOrO psiaa

(cM. onpeaenenue 2)

RN =(_1) N Ay +(_]) N+3aN+2 *o..
MMEET TOT K€ 3HaK, 4TO U INepBblii uieH octatka (-1)""?a,,, (3TOT 4jeH Ha3BIBAIOT
TaKe MEPBBIM OTOPOIIIEHHBIM WieHOM). [IJIsT ocTaTKa psijia CripaBeanBa OlCHKA!

‘RN‘<aN+l'

Tor ¢akr, 4T0 a, MOHOTOHHO yOBIBAaeT K HYJIO, KPaTKO OOO3HAUYaIOT Tak:

a, 0.
Ipumep 20. PaccMOTpUM 3HaKOUYEPEAYIOIIMICS P

o ¢ q\n+l _1\n+l
z&—1—1+1— L0,
n=1

n 237 n
1 9
Tak KaxK a, =5 0, TO 3TOT psAJ CXOAUTCS 10 Npu3HaKy Jleitbnua.
3amagumcst BOOIPOCOM: HauMHasi ¢ Kakoro N 4acTHblE CyMMBbI JaHHOTO pPsijia

1
npubamxarT ero cyMmmy Sc touHocTeio 0,017Tak kak mo Teopeme 9 ‘R99‘<amo:1—0c,

a Ry=S-S,, TO ‘S—Sgg‘<0,01. ScHo Taxke, yTO U TpH JIIOOOM N=99 BBITIOHSIETCS
HEPaBEHCTBO ‘S—SN‘<O,01. Takum 06pazoMm, uckomseiit Homep N papen 99.

3aMeTUM TaKXke, UYTO pPAacCMaTPUBAEMBId pAJ HE SABIAETCA aOCOJIOTHO

. w1 1 1 1
CXOJSIIMMCS, TaK KaK psJa M3 €ro Moaysei ZEZHE +§+'"+E+"' pacxoauTcs,

n=1

Oyyur TapMOHUYECKUM PSIOM.

Onpedenenue 5. YucnoBoOU psii HA3BIBAETCS YCIOBHO CXOMSIIHUMCS, €CIIA OH
CXOJAMTCS, HO HE ABISAETCS aOCOIIOTHO CXOAALIIUMCS.

Takum 06pazom, psan u3 npumepa 20 SBISIETCS YCITOBHO CXOSTITUMCH.
YACTD 2: DYHKIIMOHAJIBHBIE PAIbl. CTETIEHHBIE P /1bI

B 3TOM pa:mene MBI COCpeI[OTO‘-II/IM BHHUMAHHUEC Ha p;max BHU A
> Uy (X) =g (X)+Uy (X)+ Uy (X)+.. U, (K)o
n=0 (7)

YIEHbl KOTOPBIX SIBISIOTCA (YHKIUSMHU JEeUCTBUTENbHOW mepeMeHHON X. Takwue
PAABI HAa3bIBAIOTCA (DYHKLMOHAIBHBIMU PsIIaMHU.

Baxueiimum  npumepoM  (YHKIIMOHANBHBIX  PSAOB  SIBISIIOTCS  Tak
Ha3bIBAEMBIE CTEIICHHBIC PSbI:

13



> C X2 Gy +CXHC XX
;cnx Co FCX+C X cX"+..., ®)

TO €CTb PSJIbI, COCTOSIIINE U3 CTETIEHHBIX (hYYHKITUH.
O61acTh CXOAMMOCTH psija

Onpedenenue 6. MHOXKECTBO Ha MPSAMOM, COCTOSIIEE U3 TEX 3HAUCHUHN X, IS
KOTOpBIX psia (7) CXOAUTCsI, Ha3bIBACTCS O0JIACTHIO CXOIUMOCTH (PYHKIIMOHAIBHOTO
psana (7).

Teopema 10. Tlycth k03P PUIUMEHTHI C, cTeneHHOro psjaa (8) TakoBbI, YTO

. 1
cymecTByer mpezen limg/ic, | , 1 0603naunmM R=——7—. Torxa:
= limy/ic,
n- oo

a) s moboro x((-RR) paa (8) abComoTHO CXOAUTCH;
0) 11 moboro x-w,~R)O(R,+w) psax (8) pacxoaures;

¢) it x=—R u x=R psj (8) nuHorma cXoauTcsi, a UHOTa PaCXOIUTCS.
? ?

pacxoauTcs a0c. cXoauTcsa pPacxoauTCA

1
Onpedenenue 1. Uncno R=————— Ha3bIBAETCA PAJUYCOM CXOAUMOCTH
limy/lc,
n- o
crenenHoro pazaa (8),a unrepsan (-RR) Ha3bIBAETCS HHTEPBAIOM CXOJMMOCTH.

Ilpumep 21. Halinem 006aacTh CXOAUMOCTH psijia

D (D) X" =1 x4 X =X (D) X+
n=0

“lu R=——=1x
imafc| T

HOCMOTpHM, KakK BCACT ceOs pAd B I'paHUYHBIX TOYKaX MHTCPBAIa CXOAUMOCTH. HpI/I

3nech ¢,=(-1)",|c,

x=—1 noxyuaem pacxopsiuiics psan Y (-)"(-1)" =1+ ¥..+ ¥... (cm. mpumep 4). [lpu

n=0

X=1 NaHHBIN PSAJ UMEET BU Z(—l)”=1—1+ F..+(-D"+... u Takxke pacxoautcs (CM.
n=0
npumep 2). Takum oOpa3zom, moHas 00JacTh CXOJUMOCTH MCXOJHOTO psla €CTh

untepsan (-1,1):
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PACXOOUTCHA PacxXoguTCsA

pacxoaurcs

a0c. cxonurces pacxonurcs

-1 1

Ipumep 22. PaccMoTpuM psifg
i(_]-)n+l X2 X3 (_1)n+1

X"=X——+—-.+ X"+
= N 2 3 n
-1)" 1 1 .
3,Z[CCBCn=( ) ,‘cn‘:— 1 R=————=lim¥n=1 (cm. npumep 12).
n n limg/lc,| "

IIpu x=-1 nosryuaem ps:
© n+l
z( ) )" = -l ..—1...:—(1+1+1+_..+1 ) :
o1 2 3 n 2 3 n
KOTOPBIN PaCXOIUTCS (CM. npuMepsl 5u 7).
[Ipn x=1 UCXOIHBIN PAN IPUHUMAECT BUI:
o0 (_1)n+1 1 1 (_1)n+1

——=1l-—+_—.t +....
; n 2 3 n

9toT psin ycaoBHO cxoxutcs (cM. mpumep 20). MBI MOTYYHIN TTOJHOE OMUCAHHE
00J1aCTH CXOJIMMOCTH UCXOJIHOTO psija:
PacCxXoguTCA YCII. CXOOAUTCA

pacxoauTcs pPacxXoauTCs

a0c. cxoaurcs

Ipumep 23. Viccnenyem pss 22—2&” . Tak kak

limy |I|m1”/— 2 2:f:z,
e " IlmQ/ﬁ)

n- o

1
CII€I0OBATEIIBHO, RZE

1 o o
[Tpn x=§ WUCXOJHBIN sl MpeBpaliaeTcs B 2-TapMOHMYECKUM DS Z—z,
n=1

KOTOPBIH cxoautes (CM. mpumep 7).
1 =(-1)" .
Mpu x=-7 momysaem psn Z( nZ) , KOTOPBIA abCOMIOTHO CXOmuTcsa (CM.
n=1

npumep 19).
[TonHast 0671aCTh CXOUMOCTH HCXOHOTO Psijia XOPOIIO BUAHA HA CXEME:
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a0bc. cxoauTes a0c. cxonurcs

pacxoauTcs

abc. CXomuTCs pacxoauTcs

~1/2 1/2

n+l

. (-1
Lllpumep 24. PaccmMoTpuM 4yTh OoJiee CIOXKHBIA P Z%Etzn. Caauasa
n=1
n+l

—v?2 . - (_1) n
cacjaacM 3aMCHY IIEPEMCHHBIX Yy=X". Ham psA 3alIMIICTCS B BUJC. Z—@/ . OTOT
n=1

pSll MBI MCCIENOBAaNM B NpuMepe 22 ¥ MNOJYYWIU TPU |y|<l aGCONIOTHYIO
CXOAHMMOCTD, a IIPU |y| >1 pacxoguMocTh. ClieI0BaTEIbHO, HCXOMHBIN s aOCOTIOTHO
CXOJIUTCH, €CIIH \x2\<1, U PACXOJUTCS, €CIH \x2\>1. To ecTb OH a0CONIOTHO CXOIUTCH,
ecid |x<1, 1 pacxomutcs, ecid [X>1. OTcroma ciaeayer, 4To 4UCIo R=1 eCTh paauyc

CXOAUMOCTH UCXOJHOTIO pPsaa.

. o0 _1 n+l
OueBUIHO, TP X=1 U X=—1 UCXOAHBIH P MPEBPAIIACTCA B PS/I ZQ,

n=1
KOTOPBIH ycioBHO cxomutcs (cM. mpumep 22). [ToJIHOCTBIO 00JIACTH CXOJAUMOCTH
HAIIIErO Psiia OMKUCHIBAETCS CXEMOIA:

YCI. CXOAUTCA YCII. CXOOAUTCA

pacxourcs pacxonurcs

a0c. cxonurces

-1 1

Uuratemo mpeniaraercs JoKa3aTh, 4To npumepbl 21—24 onmuchIBaloT Bce
BO3MOXKHBIE CHUTyalldd IIOBEIEHHs cTeneHHoro psaa (8) Ha KOHIAX HMHTEpBaia
CXOJUMOCTH, a UMEHHO: psaa (8) MOXeT pacxoauTcs Ha 00OMX KOHIIAX; OH MOXKET
pacxoIUTCS Ha OJHOM KOHIIE M YCJIOBHO CXOIUTCS Ha JIPYrOM; OH MOXKET YCIIOBHO
CXOIUTCS Ha 000OMX KOHIIAX, M, HAKOHEL], OH MOKET a0COJIFOTHO CXOAUTCS Ha 000HX
KoHI1ax. (s Toro, yToObI 10Ka3aTh 3TO YTBEPKIACHUE, TOCTATOYHO YCTAHOBUTH, YTO
eci psig aOCONMIIOTHO CXOJOUTCS HA OJHOM KOHIIE, TO OH 00s3aTelbHO Oynaer
a0COJIFOTHO CXOJUTCS M Ha JPYTOM KOHIIE).

JIEKIIMH 11O TEOPUU PSA1OB

YACTD 2: DYHKIIMOHAJIBHBIE PAbI. CTEIIEHHBIE P bI
Jlexknus 4

Teopema 11. Ecnu k03¢ GuiieHTsl ¢, creneHHoro psaa (8) TakoBsl, 4To

. |G
npeaen lim ‘ ”+‘1 CYLIECTBYET, TO PAANYC CXOAUMOCTH ITOr0 PsAa MOKHO BbIYUCIIATH
n- o C
n

o ¢hopmyiie:
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R=
. Cn+1 (9)
lim
n- o Cn
B mpumepe 25 nam nonanoburcs o6o3HaueHue Gpakropuana;
N=123.[(n-Dn, 0=1 (10
)
Llpumep 25. PaCCMOTpHM pan
x* x° x"
Z——1+x+—+—+ A—t..
3 n!
1
3neck [c,|=c,=— I[JI;I HaXO0XJICHHS pagruyca CXOJUMOCTH JAHHOTO pslla TPUMEHUM

(I)opMyJIy (9). BLI‘-II/ICJII/IM MpeIelt:

Cn+1 nl

lim —Ilm =0.

n- o ‘C ‘ noo n+1) InI[r'Jor]+:|_

1 . . o .
To €CTh, R=6=00 U UCXOJHBIN P a0COJIFOTHO CXOOUTCA Ha BCCH YHCJIIOBOU IIPAMOM.

Maxopupyemasi CXOIUMOCTb (DYHKIITMOHAJIBHBIX PSIJIOB

Onpeoenenue 8. ToBopsar, uto GyHKIHOHAIBHBIN psg (7) uMeeT Ha
MHOXK€ECTBE X R Ma})OpUPYEMYIO CXOAUMOCTb, €CIIU CYLIECTBYET CXOASAIIUNCS Pl

D a,=a,+a,+a,+a . +a, t...
n=0 (11

)

C TIOJIOKUTEIIbHBIMA 4JICHaMH, TAaKOW, 4YTO [ Bcex xOX © WIsd  Becex
n=0,1,2 3.. BLIIOJHAECTCS HEPABEHCTBO.

<a,.
(12

)

W3 nmpusHaka abcoyoTHOM cxomumocTd (cM. Teopemy 8) ciiefyeT, 4To eciu
psan (7) umeeT Ha MHOXKECTBE X MaKOPUPYEMYIO CXOJMMOCTh, TO OH aOCOJIOTHO
CXOIHUTCS B KaKIO0U Touke x[IX.

Teopema 12. Ilyctb R —pangnyc cxogumocTu creneHHoro psna (8), a gucio r
TakoBo, 4to O<r<R. Torma psx (8) mmeer ma oTpeske [-r,r| Maxkopupyemyro
CXOJIUMOCT.
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pacxourcs

a0c. cxonurces pacxoauTcs

R-T I R

Ma)kopupyemas
CXOAUMOCTb

HeTpyaHO MOCTPOMTH NMpUMEP, MOKA3bIBAIOIIMY, 4TO Ha uHTepBane (-RR)

psn (8), BooOiie ToBOps, He UMEET MaAKOPHPYEMON CXOAMMOCTH. TakuMu SIBISFOTCS
npumMepsl 21u 25 (mokaxwure 31o0!).
HuTterpupoBanue QyHKIIMOHAIBHBIX PSIIOB

Teopema 13. Tlycts psn (7) cOCTOMT W3 HENPEPHIBHBIX Ha OTpe3Ke [a,b]
GYHKIHUA 1 IMEET Ha 3TOM OTPE3KE MAKOPUPYEMYIO CXOJTUMOCTh. TOT/Ia ero cymMma
S(X) TakkKe ABJIAETCSA HENPEPHIBHOM Ha [a,b] QyHKIMEN 1 CIpaBeUTMBO PaBEHCTBO:

{s(x)dx:j(iun (x)j dx:ijun(x)dx : (13

a \n=0 n=0g
)

Teopema 13 roBoputr 0 TOM, 4TO B Clly4ae MaKOPUPOBAHHOW CXOJUMOCTH
psin (7) MOXKHO TIOWIEHHO WHTETPUPOBATH.
Credcmsue. Ilycth R — pagnyc cxomumocTu crenenHoro psna (8). Ecim ms

xO-RR) 00603HauuTh S(X)=) .C,X", TO I M06Oro uucna tl(-R,R)BbIIONHAETCS
n=0

paBeHCTBo:
t o
— i n+1
jo S(x)dx—;m i (14

)

Panuyc cxoIMMOCTH CTEIEHHOTO psjaa, cojaepxkaiierocss B paBeHcte (14),
Takke paBeH R.

Ipumvep 26 (npomomxenue mpumepa 21). Pan D (-1)"x" u3 mpumepa 21

n=0
IPEACTABISIET COO0M TE€OMETPUUYECKYIO IMPOTPECCHI0 CO 3HameHaTenaeM g=-x. U3
PE3yJILTATOB IpUMEPA 3 CIIEAYET, YTO I TF000r0 X{(—1,) BBINOIHAETCA PABEHCTBO!
1 [ee]
—=) (-)"x".
Tox ;( )
[Mpumennm popmyny (14):

jﬁ - zﬂ e

o 1HX 1 N+l
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t
Ho mno ¢opmyne Herorona-JleiiOnuia, j%:ln(1+x)|;=In(1+t)—|n1:In(1+t). B
0

pe3yIbTaTe IModydaeM, uTo s BeeX ti(—1]) crpaBeaiMBO paBEeHCTBO!

E+E_ +ﬂ[ﬂnﬂ-+

)

= (-1)"
In(1+t)= A =t-
n(1+t) Z:,) o)

HMuddepenuupoanue QyHKIIMOHAIBHBIX PSAIOB

Teopema 14. Tlycts pan (7) cxoauTcs B Kaxkaol Touke uHTepBana (ab) k
cBOEil cymme S(X), a wieHbl U, (X) 3TOro psna HempepbiBHO nuddepeHuupyeMbl Ha
(ab). Torma

S (x)= gu;(x):u(’)(x)+ui(x)+u’2(x)+...+u,’1 (X)+..., (16

)

ecau psan B paBeHcTBe (16) 0671a1aeT MaKOPUPOBAHHON CXOAUMOCTBIO B HEKOTOPOH
OKpecTHOCTH ToukH X[{ab).

Credcmesue. Ilycth R — paanyc cxogumoctu crenenHoro psna (8). Ecnu mist

x(-RR) 0603Ha4uTh S(X)=Y C,X", TO BBIIOIHAETCS PABEHCTBO:
n=0

s (x):nZ:‘ncnx”‘l : (17
)

Pagnyc cxommMmocTH CTENmEeHHOTrOo psina, coneprkaimerocs B paBeHcTse (17),
Takxe paBeH R.

Ipumep 27 (npomomkenue mpumepa 21 u 26). Kak u B mpumepe 26,
3aIKChIBAEM PAaBEHCTBO'
1 o0
—=) (-)"x", xO-1)).
Tox 27" x(-1)
I[To cnenctBuro U3 Teopemsl 14 nmeem:

1) & 1 1 N nyn-1 1 N n-1,,n-1
(mj :nZ::n(—l)nxn— - _(1+X)2=;n(—1) X = (1+X)2=;n(—1) X .

[Tocneanee cOOTHOIEHUE BEpHO mpu x[-1,) .

Paznoxxenue QyHKIIUM B CTENIEHHOU Pl
CHavasia 3aMe€THM, YTO U3 MOCJEIHUX JABYX IIYHKTOB CJIEIYET BO3MOYKHOCTb
nuddepeHIIMPOBaHN U UHTETPUPOBAHUS CTEIIEHHOTO psja J000e KOHEYHOE YHCIIO

pas.
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Teopema 15 . Ecmu mna gynxmum  y=f(x) npu xC(-r,r) crpaBemmmBo
paBEHCTBO

f(x):icnx”, (18
)
TO
_f7(0)
“T (19
)

LIpumep 28. ITpeanonoxum, 4to €" =ZCan. Torna nmo Teopeme 15
n=0

()
()",

c. = = =
" n! nonl

TO €CTh eClM (PYHKIMI0O € MOYKHO MPEACTaBUTh B BHJE CTEMEHHOTO psija, TO OHA
AMeEET BU

~=nl 2 3 7 n
(310 psan U3 mpuMepa 25, UMEIOIUN PaNyC CXOTUMOCTH R=c ). OJHAKO MBI €Ille He

JIOKa3aJI, Y4TO Ha CAMOM JI€JIe COOTHOLIEHHE
) Xn X2 X3 Xn

€ =) =l X+

n=0 n

2 3 n (20
)

CIIpaBCIJINBO.

Teopema 16 (o paznoxkeHnu QyHKIUU B cTeneHHON psin). [lycth dyHKIws
y=f(x) OeckoHeuHo nuddepeHIupyemMa Ha HUHTEpBaje (-r,f) W CYIIECTBYET
IMOCTOSIHHAs M >0, Takas, 4To g JIIoObIX X[(-r,r) m n=01,23... BBIIOJHIETCS
HEPABEHCTBO:

[F™ (<M.
Torpa ansa mo6oro x(—r,r) copaBeIMBO Pa3IOKEHHUE!

= f™M(0
f(x)=§_‘,0 '( Jign

n

Ilpumep 29 (nponmomxenue npumepa 28). Ecim  f(x)=€*, TO I JOOBIX
x(-rr) um n=0123.. |f"(x)=e*<e’=M. Ilo Tteopeme 16 pasenctso (20)
BBITTOJHSETCS ISt JF0ObIX X[(-r,r). Ho Tak kak r>0 NIPOU3BOJILHO, TO PABEHCTBO

(20) BoImOIHSICTCS AJ1s BCEX JCHCTBUTEIBHBIX X.

N3 mpumepoB 26 u 29 cneayeTt cripaBeIyTMBOCTh MIPEICTABICHHM
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2 3

—_ - (_l)n n+l _ X X (_l)n n+l
In(1+x)-; RIS +..x0(-1)) 21
)
u
ex_ix_”_1+x+x_2+x_3+ +X—n+ X[~ o0 o)
B T R I AR (22
)
COBEPLICHHO aHAIOTUYHO MOJIYYalOTCs PA3IOKEHHS
: x® x° x’
SInX—X—§+E—?+---,XE(_°°P°.) (23
)
u
x* x* x°
CoSC=1-" 4+, 6!T...,XE(—oo,oo). (24
)
UYyTh CIOKHEE TOKA3BIBAIOTCS PA3JI0KEHHs, CIPaBeUBLIE pH X (-1]):
X3 X5 - 2n-1
arctg x—x—?+€—...+(—il) %—f (25
)
u
m mim-1) , mm-)(m-2) . mm-)d.dm-n+1)
(1+x)" =1+ mx + o Xt ot o X"+, (26
)

JIEKIIUU 110 TEOPUHU PAIOB
YACTHD 3: IOKA3ATEJILCTBO TEOPEM
Jlekmus 5
Jlokazamenvcmeo npusHaka cpaBHeHus (Teopema 6)

CornacHo nemme 1 Bmecto psaoB (2) u (4) MOKHO paccMaTpHBaTh HX

OCTaTKU Ry =ay,, +ay,,*+... 18y, t... © Qy =by, +by +. 4o +....
Jloka)keM MepBYIO 4acTh TeOpeMbl. Tak Kak psaa Q, CXOAWUTCA U AJis JI0OO0ro

k=12,... ay,. < by, , TO, 0003HAYNB Uepe3 §k JacTHbIC CYMMBI psfia R, , UMEEM.

Sk =aN+1+aN+2+"'+aN+k s bN+1+bN+2+"'+bN+k SQN <.
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BBuny toro, 4ro mociaegoBaTeNbHOCTh S, MOHOTOHHO BO3PAcTaeT U OIpaHUYECHA
CBEpXY, OHA MUMEET KOHEUHBIH mpeen S = lim S, . CnenoBaTensbHo, paa R, CXOAUTCH.

[To nemme 1 psi (2) Takke CXOAUTCS.
JlokaskeM BTOPYIO 4YacTh TeopeMbl. Tak Kak psiig Q, pacXomuTcs W IS
aroboro k=12,... a,, 2b,,, TO:
Sy =ayy tay,,t. Ay, 2by,, byt b, —» o IIpu K - .

[ToaTomy lim S, =, To ecTb pax R, pacxomurca. ITo memme 1 psan (2) Taxxke

PaCXOaUTCH.

Jlokazamenbcmeo pu3HaKa SKBUBAICHTHOCTH (Teopema 7)

. a
Tak xak lim—=1, TO MO ONMpEICIICHUIO TMpeaeia MOCIeA0BaTeILHOCTH (CM.

n- oo
n

JICKITUH TI0 TEOPUH TIpeieioB u qudGepeHIInaIbHOMY HCYUCIICHUIO, oTIp. 4) nMeeM:
08>0CN >0 (N — HaTypajbHOE YHCIO), TaKoe, 4TO0 [IN>N BBIMOIHICTCS

HEPaBEHCTBO 1-3 < % <1+d, KOTOPOE PAaBHOCUIILHO HEPABEHCTBY

© @-o) <a <(1+3), (27
)

(Tak Kak O MOKHO OpaTh CKOJIb YTOJJHO MAJIBIM, TO MIPEIOoaraeTcs, 4ro & <1).
Eciu psn (4) cxomuresi, To cxoautess U psax Y (1+8)b, (cMm. Teopemy 2).
n=1
[IpuaK¥Mas BO BHMMAaHHE IPaBYK 4YacTh JBOMHOrO HepaBeHcTBa (27), M3 NEpBOii
YaCTH NIPU3HAKA CPABHEHUS TIOJIydaeM, 9To psax (2) cxoauTes.

Ecim psin (4) pacxomures, To pacxoautcs U psig Y (1-8)b, (310 Takke

n=1
HEMEJJICHHO CcliefyeT u3 Teopembl 2). IlpuHMMas BO BHHMAaHHE JICBYIO 4YacTh
JIBOMHOTO HepaBeHCTBA (27), M3 BTOPOM YacTH MPH3HAKA CPABHEHHS IMOJydaeM, uTO
pan (2) pacxoaurcsi.

Jlokazamenbvcmeo panukansHOro npusHaka Komm (Teopema 5)

Tak kak limy/a, =C, TO IO OMPEEIICHHUIO TIPe/Ieia MOCIeI0BATEIIBHOCTH (CM.

Ao
JICKITUU TI0 TEOPHH MPEACIIoB U Tu(PepeHIInaTLHOMY UCUHCICHUIO, omp. 4) nMeeM
npu KoHeuHoM C:
08>0CN >0 (N — HaTypaibHOE YHUCIIO), TaKoe, 9TO [IN>N BBITOIHICTCS
HEPABEHCTBO
C-3<yfa, <C+3.
(28
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[Tyctp C<1. Tak kak O MOXHO OpaTh CKOJb YrOAHO MajbIM, TO OyaeM
npeanonaratb, 4ro o:=C+3d<1. M3 mpaBoii wactu IBOIHOTO HepaBeHCTBa (28)

BBIBOJMM, YTO n>N a <q". Ho nmpu nmonoxutenpbHbiX <1 psa Zq” CXOIUTCA
n=1

(cm. mpumep 3). CrieoBatenbHO, psija (2) CXOAUTCS 1O MPU3HAKY CPABHEHHUS.

[Tycth 1<C <. Tak kak O MOXHO OpaTh CKOJb YIOJHO MallbiM, TO Oyaem
npeanonarath, 4to ¢=C-8>1. M3 neBodl yactu IBOWHOrO HepaBeHCTBa (28)
BBIBOJIMM, 4TO [In>N Q" <a,. Torma a, — «, H, CI€A0BATEIBHO, &, HE CTPEMHUTCS K
Hymo. Takum oOpasoMm, psn (2) pacxomuTcs TO OCTAaTOYHOMY MpPHU3HAKY
pacxomumoctu (cM. TeopeMy 1 1 BEIBOJIBI U3 HEeE).

[Tycth C =. Torga mo omnpeneneHuto OECKOHEYHOTO mpefena (CM. MyHKT 3
ompenencHus 4 B JEKIUAX 10 TEOPUHM TMpeneiaoB U nupdepeHnnaIbHOMy
UCYHCIICHUIO) HMEEM:

OM >0 (M — ckomp yrogHo Ooibinoe umciio) [N >0, Takoe, dYTO
On>N g/a, >M , 10 ecTb @, >M ". SIcHO, 4yTO MOXHO cuutarth M >1. Torma a, — o,

¥, CIIeIOBATENbHO, a,He CTPEMUTCS K Hy0. Takum o0pazoM, psan (2) pacxoautes mo
JO0CTAaTOYHOMY MIPHU3HAKY PACXOJUMOCTH (CM. TeopemMy 1 1 BBIBOIBI U3 HEE).

Jokazamenscmeo nipuzHaka Jlanambepa (teopema 4)

Taxk kak lim G =D paBHOCHUJIBHO TOMY, YTO lim B =D, TO 110 OIPEAEIECHUIO
n- oo aT'I n- oo 1
npeneiga  MOCIEIOBATEbHOCTH  (CM.  JIGKIMH 1O  TEOPHUH  MPEACIOB U
nuddepeHITMaIbHOMY HCYUCIICHHUTO, o1p. 4) uMeeM npu KoHeYHOM D:

08>0CN >0 (N — HaTypajbHOE YHCIIO), TaKoe, 4TO0 [IN>N BBIMOIHICTCS

HEpaBeHCTBO D -5 < 2 D+ , KOTOpOE€ PaBHOCUJIbHO HEPABEHCTBY

-
(D -d)a,, <a, <(D +3)a,.,. (29
)
[Tycts D <1. Tak kak O MOXHO OpaTh CKOJb YrOAHO MallbiM, TO Oyaem
npeanoaaraTh, 4to o= D +3 <1. Takum obpazom, On>N :

a, <qla,,. (30
)
Ecimu n-1>N, To, 3amensis B HepaBeHeTBe (30) N Ha n—1, mosrydaeM:
a,,<q[@,, (31
)

W3 nepasencts (30)u (31)Toraa cieayer:
8, <q" @,
[TpomoiKkas gajbliie 3TOT MPoIece, morydaem, 9to On>N :

a, <q"™ By =N
N qN - (32
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)

Tak kak Mpu MOJOKHUTENbHBIX (<1 ps Zq” cxoautcs (cMm. mpumep 3), TO U Psi
n=1

ZSN—N [@" Taxke cxomutcs (cM. Teopemy 2). CriemoBaTesbHO, psia (2) CXOTUTCS IO
=1

NPU3HAKY CPABHEHMUS.

[Tycth 1<D <. Tak kak O MOXHO OpaTh CKOJIb YTrOJIHO MallbiM, TO OyaeM
npeanonarate, 4o D -3 >1. Ho Toraa u3 neBoi yacTu IBOWHOTO HepaBeHCTBa (29)
ClIe/TyerT,

yro On>N a,, <(D -d)a,, <a,, TO €CcTh WieHbI psAaa (2) MOHOTOHHO BO3PACTaIOT H,
CJIEIOBATEIILHO, HE MOTYT CTPEMHUTHCS K HYIIt0. Takum oO6pazom, psf (2) pacxoautes
0 JIOCTAaTOYHOMY MIPHU3HAKY pacxoauMocT (cM. TeopeMy 1 M BBIBOJIBI U3 HEe).
[Tycte D = . Torma mo onpeneiaceHuto OECKOHEYHOTO mpeaena (CM. MyHKT 3
omnpeneneHus 4 B JIEKIUSAX 1O TEOpUU TMpenenoB © auddepeHIrnanTbHOMy
UCYHCIICHUIO) IMEEM
M >0 (M — CKOJIb YI'OJHO 0oJIBIIIOE IH/ICJIO) CN >0, Takoe, 4YTO

On>N i>M , TO ecTb a,>M [@& _,. SlcHO, 4r0 MOXHO cuutratb M >1. Toraa

-1
a,>M [&,, >a,,, TO eCTh WICHHI psiza (2) MOHOTOHHO BO3pACTalOT H, CJII0BATEIBHO,
HE MOTYT CTPEeMHUThCcS K Hymo. Takum o60pasoMm, psg (2) pacxoaurtes 1O
IOCTaTOYHOMY MPU3HAKY pacxoauMocTu (cM. Teopemy 1 1 BBIBOABI U3 Hee).

3ameuanue. Heckompko  MoaudbuUIUPys  JOKA3aTEIbCTBO  MPU3HAKA
JanamOepa, MOXXHO TMOJYYHTh cCleayroliee, Oosiee oOlee MpeaIoKeHue: eciu

an+1

(koHeuHBIH WM OCCKOHEYHBIN) mpeaen D=lim o CYWIECTBYET, TO CYIIECTBYET
n- o

n

npeaen C=limy/a, , npuyeM C =D. OOpaTHOE HEBEPHO: U3 CYIIECTBOBAHUS BTOPOIO
n- o

npejelia He CleyeT CyliecTBoBaHue mnepeoro. Hampumep, paccmorpum psin (2), rae

1 211 1 1 1 1
IIph HEYETHBIX N a, =a,, :2?, TO €CTb paa UMECT BUA. §+§+?+§+F+F+”"
Jlerko IIPOBEPUTH, YTO c=0 (TO €CTh PAd CXOOUTCA IIO0 PagUKaAIbHOMY IIPHU3HAKY

Korw), ognako npeaen lim % He cymiecTByeT (mpoaeaiire 3to!).

Jlokazamenbvcmeo nnterpaibHoro npusHaka Ko (teopema 3)
ITycte f(X) — MOHOTOHHO yObIBaromiasi Ha uHTEpBaie [N,») GyHKIHUsA f(X),

YAOBJICTBOPAKOIIASA PABCHCTBAM
f(N)=a,, f (N+D=a,.,, f (N+2)=a,.,...
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JlokaxkxeM nepByro yacTtb TeopeMsbl. [1ycTh I f (X)dx <o0. fICHO, 4UTO:
N

xO[N,N+]=a,,,<f(x), xON+IN+2=a,,<f(x),xON+2N+3=a,,<f (x),...

ay

A\

+2

sy N N+IN+2 N+3

<y

ITo CBOﬁCTBy MOHOTOHHOCTH OIIPECACIICHHOIO HHTCIpajla HMCCM.
N+1 N+1 N+2 N+2 N+3 N+3

jaN+ldx< jf(x)dx [ay.ox< [ o0, [ag.dxs [ fedx,...,
N+1 N+1 N+2 N+2
TO €CThb
N+1 N+2 N+3
By, < If(x)dx 8., < [ F()AX, By < [ (X)X,
N +1 N+2

~

Oo6o3Hauas yepe3 S, YaCTHBIE CYMMBI OCTaTKa psiia Ry =ay,, +ay,, +8y,st.. Fay,,+

n

" IPpUMCHAA CBOMCTBO ANIUTHBHOCTH OIIPECACICHHOIO HHTErpaia, ImojIyJyacMm.
N +1 N+2 N+3 N+n

S, = 8y + 8y, + Ay, S [ FOOd+ [ O+ [ £ )dx+.+ [ (x)dx =
N N+1 N+2 N+n-1
N +n

= jf(x)dxswf(x)dx<w.

N N

BBI/II[y TOTO, YTO MOCJIEI0BATEIBbHOCTh S, MOHOTOHHO BO3paCTacT U OI'paHHUYCHA

n

CBEpXY, OHA UMEET KOHeuHbIi npenen S =1lim S, . CnexoBarensHo, paa R, CXOUTCH.

Nn- oo

[To nemme 1 psi (2) Takke CXOAUTCS.
JlokaxxeM BTOPYIO 4acThb T€OpEMBIL. [1ycTh J. f (x)dx = . SIcHO, 4TO:!

N

x ONN+]=a, 2 f(x), xON+LN+2 = a,, 2 f(x), xO[N+2N + 3= a,,, > f (x),...
aN

A\

+2

Ay 3] -

<y

O N N+t1N+t2 N3

[1o cBOMCTBY MOHOTOHHOCTH ONPENEIICHHOTO NHTETPAjIa UMEEM:
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N +1 N+ N +2 N +2 N+3 N+3

ja dx 2 jf(x)dx [agudx2 [f00dx, [ay.,dx2 [ fx)dx,..,

N+1 N+1 N +2 N +2
TO €CThb
N+1 N +2 N +3
j FO)dX, ay, 2 [ K, ag, 2 [ f(x)d,..
N +1 N +2
Oo6o3Hnauas yepes S, YacTHBIE CYMMBI oCTaTKa psna
Ry =a, +ay,, +ay.,, tay,s*t..+a,,+... WU TPUMEHSAS  CBOWCTBO  AJJAUTHUBHOCTHU
OHpeI[eHeHHOI‘O I/IHTel"paJ'Ia, nonyqaeM:
N +1 N+2 N+3 N +n+1
=ay 8y, +ay, Faya ey, 2 [ FO0d+ [ F()dx+ [ .+ [ f (x)dx =
N N +1 N +2 N +n

N +n+1
= If(x)dxqoo pH N - oo,
N

CnemoBarenbHo, limS = u psax R, pacxomurca. ITo memme 1 psax (2) taxke

n- oo

PaCXOaUTCH.

JIEKIIUU 11O TEOPUU PAOB
YACTbD 3: IOKA3ATEJILCTBO TEOPEM
Jlexuust 6
Jlokazamenbcmeo npusHaka abCONIOTHOM cX0qUMOCTH (Teopema 8)

Hapsiny ¢ psaom (1) paccMOTpHUM CIIEIYIONIUE PAIBL:

durm Yy,
n=1 " n=1 " (33
rae
U= u,, ecmu u,>0 = —-u,, ecmu U, <0
" 10 ecmwu, <0 " 0, ecmwu,=0"

SIcHo, uTo wieHbl psAaoB (33) HEOTPHUIIATEILHBI M BBIMOJIHAIOTCS HEPABEHCTBA!

up <lu| wou; <luy|, n=12,...
Tak kak mo ycnoButo psang (5) cxomurcs, To psabl (33) cXOaATCSA MO MPU3HAKY
cpaBHenus. Ho mockonbky u, =u’ —u;, To o Teopeme 2 psf (1) Takke CXOaUTCA.

n

Jlokazamenvcmeo npusHaka JleiiOnuna (teopema 9)
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O0o3HaunB dYacTHbie CyMMBI psjga (6) depes S,, pacCMOTpUM CHadaia
Clly4aif, KOTr/1a 4uciio N 4eTHOE, TO €CTh Korya n=2k, rae k =12,... B BelpakeHun
=a-a,+a,—a,+.+a,_ ,;—a,
CTPYIIUPYEM WICHBI IBOSIKUM CIIOCOOOM, & UMEHHO

=(a,-a,) +(a;—a )+ +ax ,—a,)
(34

)

S, :al—(az—as)—...—(azﬂ_z—a?‘_J)—ax.
(35

)

Tak Kak MoIOKUTEIbHBIC YHCIIa 8, MOHOTOHHO YOBIBAIOT, TO BEIPAXKEHUSI, CTOSIINE B
ckoOkax, HeoTpunarenbHbl. [loaTomy u3 (34) cieayer, 4TO MOCIIEAOBATEIEHOCTD
(SZK)(::1 MOHOTOHHO BO3pacTaeT, B TO BpeMs, Kak u3 (35) BbITEKAaeT HEPaBEHCTBO

S, <@,, TO €CTh MOCIEI0BATEIBHOCTb (SZK) orpannyeHa ceepxy. CienoBaTenbHO,

JlaHHas MOCIE0BATEIbHOCTh UMEET KOHEUHBIHN TIpeen S = lim S, , mpryem u3 (35)u

U3 ycJoBus @, | 0 ciaeayer, 4To
S<a,. (36
JIns HeweTHBIX N, TO e€cTh npu n=2k+1, cOpPaBEMIMBO PABEHCTBO
S, =S, tay, . [HoaTomy Iim 15,0, = Iim 1Sy +Iim 1 8y,,=S+0=S. N3 cooTHOmEHnM

imS, =S u imS,,, =S BeITeKaeT, 410 IMS, =S (mosicauTe 31O OOJIEE MOAPOOHO!),

n- oo

TO €CTh P/l (6) CXOIUTCS.

PaccmoTpum TEnephb OCTaTOK psina
N+2 N+3 N +4

(J) aN+1+(-J) Ay, (-0 Ayt Tax KaK

+ —
( 1) = 8y~ 8yss +Byag— = (g1~ Byao) (v s -8y, )20,  TO  scHO,  UTO

N+2

Ry |= ‘ |aN+l Buir Ay T a0~ 8, T8y TAaKUM  00pas’oMm,  psin
‘RN‘=aN+1—aN+2+aN+3—... ABIETCA  3HAKOYEPEAYIOIIUMCH PSIJOM B CMBICIIE

onpenenenus 4. [Ipumenss k HeMy orneHKy (36), moyyaem TpedyeMoe HEpaBEeHCTBO
Ry|<ay.:.

Jloxkazamenvcmeo Teopemsl 10

Beinuiiem psij, COCTOSIINN U3 MOIYJIeH YWIEHOB CTeneHHoro psiaa (8):

Y leax™ = len dx|" = [eg| + e U] + e, Tx[*+.. e, | ik +....
= = (37

K psiny (37) npumeHuM paaukaibHbIN npusHak Korm:

C =limy/lc,|0x|" =|x|dim '{/07,]
n- oo Nn- oo
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Ecmn Li[rl Rllc,| =0, T0 C =0 u psax (37) cxoauTcs MPH BCeX ACHCTBUTEIIBHBIX X.

CrenoBatenbHO, psj (8) aDCOMIOTHO CXOIUTCS MPU BCEX ICHCTBUTEIBHBIX X.

Ecin 0<lim Q/c,JSoo, to psax (37) cxogutrcs mpu C <1, TO €CTh IpH

1 1 o
X|<——=, a mpu C>1, T0 ecThb, NpH |x|>——=, oOmwmii wien psua (37) @,
lim y/|c, lim {/|c,

clIeIoBaTeNIbHO, M 00mmui wieH psaa (8)) He cTpeMuTcs K HyJ0 (3TO yTBEpXKICHHE

1
COMIEP)KUTCSL B JIOKa3aTelbcTBE TeopeMbl D). IMosTomy mpu |x|<T psin (8)
lim y/lc,
n- oo

1
abCOIIOTHO CXOANTCS, a IpH x| > ——— psn (8) pacxoaurcs.
lim g/|c,
n- o

0 00

1 1
Bo Bcex ciywasax, momaras R=——= U cyurasg, 4rto —=o, a — =0,
lim §/|c,
n- oo

nosydaeM, 4ro mnpH |x|<R psag (8) aGcomoTHO cxomurcs, a mpu [x|>R psag (8)
PacxoauTCs.

Jlokazamenbcmeo Teopemsl 11

K psaay (37) npumenum npusHak Jlamamoepa:

n+l
D= Iimkm;‘}(kﬂxm]m o :
e |Cn||:b(| nee |Cn|

OcranpHasi 4acTh JOKa3aTEIbCTBA JOCJIOBHO MOBTOPSAET COOTBETCTBYIONIYIO YacTh
nokazarenbcTBa Teopembl 10, ecmu B mocneauei nmapametp Kommu C 3aMeHHTh Ha

Cn+1

napameTtp anambepa D, a ipenen lim §/|c,| 3aMeHUTH Ha npeaen lim ‘ ‘
n- oo n- oo Cn

/Jlokazamenbcmeo Teopembl 12

N3 Teopemsr 10 cnenyer, uto mpu x =r psg (8) abCONOTHO CXOTUTCS, TO

c,|@", momyuaemsiii u3 (37) moacranoBkoi x =r. Eciu |x|<r,

€CTh CXOOUTCH PAL z
n=0

x|" <

TO

c.X" =|c, c,|@", To ecTh pan (8) uMeeT MaKOPUPYEMYIO CXOIUMOCTb.

B nokazarensctBe Teopembl 13 Mbl OyneM HCHOIB30BaTh CIEAYIONIYIO
IIPOCTYIO JIEMMY U3 TEOPUH UHTErpaa.
Jlemma 2. Ecnu pyHkuus y = f (x) HempepbIBHA HA OTPE3KE [a, b] , TO

b

[ £(dx| < [[ £ (x)felx . (38
a a )

Jloxazamenvbcmeo npeaOCTaBIIACTCA YUTATCIIIO.
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Jlokazamenbcmeo Teopembl 13

JIokaxkeM cHavala HENpephIBHOCT Ha [ab] Qymkumm S(x). Io ycnosuio

TEOpeMBbI CymecTByeT cxoasmuics psn (11) ¢ monoXUTeIbHBIMU WICHAMH, TaKOH,
4TO JUIA BCEX X D[a,b] U Ui BceX n=0123... BeIosiHseTcs HepaBeHcTBO (12) (CMm.

onpenenenne 8). U3 cxomumoctu psga (11) caemyer, yto 08>0 N >0 (N —
HATypaJbHOE YMCIIO), TAKOE, YTO BBITIOJHSICTCS HEPABEHCTBO:

o
Ay Ay +aN+3+"'<§'

BBuay Toro, uto ucxomubiid psaa (7) COCTOMT U3 HENMPEPBHIBHBIX HA [a,b] QyHkuui,
N

yacTHast cymma S, (x)= ZUn(x) HEINpEepbIBHA Ha [a, b] KaKk CyMMa KOHeYHO020 4Yuciia
n=0

HENpPephIBHBIX (YyHKUMNA. DTO O3HA4YaeT, 4YyTo MO 3aJaHHOMy O>0 u 0o
HOCJIE0BATEIBHOCTH X, — X

(X — ¢uxcupoBannas Touka orpeska [ab], x, O[ab]) MoxHO HaiiTn Takoil HOMEp

K >0, uro s moboro k>K BBIIOJHSAETCS HEPABEHCTBO |SN (X)-S, (xk)| <%.

Nmeem ipu k >K :

[S(x)= S0 ) =[(Sy (x)+ Ry () = (S (%) + Ry (x4)) = (S ()= Sy (%)) + Ry (%)= Ry (x,)| <
<1500~ S, 0]+ Ry GOl #{Ry 06 < 5 #{Ry 00+ R (6,

Hanee,

0
Ry ()] = Uy g () + Uy o () < Jug o () Huy o (K )+ < By +ag <

3 (39

o
TouHO Tak xe, ‘RN (X, )‘ < 3 OKOHYATENBHO MOTYYaEM:

o & o
S(x)=S(x, )| <5+5+5=0.
S-S <3+3+5
Wtak, Mbl OJIYYUIIH, YTO JJIs JTEOOOHM MOCIEAOBATEILHOCTH X, — X Em S(x,) =S(x).

A 9T0 M 03HayaeT, yTo GyHKIUA S(X) HeMpepbIBHA IIPHU JTFOOOM X D[a, b] :

Jokaxkxem cootHomeHue (13). st 3TOoro moka)kem, 4YTO MPU M - oo
m b b b
z u,(x)dx - I S(x)dx , uau, YTO paBHOCUJIBHO, j S, (X)dx - jS(x)dx (HaITOMHUM, YTO

n=0

QD C—y

S, (X) =Uy (X) +u (x)+..+u,, (x)). U3 cxogumoctu psiga (11) cinemyer, uto 08>0 [N >0
(N —HaTypaJlbHOE YHCJI0), TAKOE, YTO BBIMOIHICTCS HEPABEHCTBO:

aN+1+aN+2+aN+3+"'< b_a' (40

)

Hcnonb3ys nemMmy 2, moaydaem mpu m> N :
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fS(x)dx —me(x)dx

[(s(x)=S,(0))dx| < [[S(x) =S, (x)x = Ry, (x)]clx .

[Mpumensiss HepaBenctBo (40) k BhIKIaaAKaM, npoBeAcHHBIM B (39), moaydaeMm, 4To

Ilo wu3BecTHBIM

JUIsL  JTFOOBIX xD[a,b] BBIMTOJIHACTCS HEPaBEHCTBO ‘Rm(x)‘<b 3

CBOMCTBaM OIPCACIICHHOT'O HWHTCTpajia HMECM.

b b b
[s(xdx-[s, (x)d><4 < [|R,(x)]ox < bTESa fb—a)=3, uTo u M0Ka3bIBaeT cooTHomeHue (13).

,Zloxasameﬂbcmeo CICACTBUA U3 TCOPEMBI 13

SIcHo, 4tO cTemeHHOM psn (8) mMeeT MaKOPUPYEMYH) CXOOUMOCTh Ha
otpeske, coenuusitonieM Toukn O m t (cM. Teopemy 12), a wieHsl 3TOrO psiaa
HenpepbiBHBI Ha Bce npsimoi. Ilpumensas teopemy 13, moiyyaem COOTHOIIEHHE
(14), BepHoe s 1000TO tD(— R,R). Brrancisis paguyc CXOIMMOCTH CTEIIEHHOTO

psaga (14) nmo dopmyne u3 teopembl 10, 6e3 Tpyaa mosydaeM, 4TO OH COBIAJACT C
paaguycom cxoaumoctr R psina (8).

Jlokazamenvcmeo teopemsl 14

O6o3Haunm uepe3 f(t) cymmy psaa ul(t)+u;(t)+.+u, (t)+..., KOTOPBIA MPH
t =X COBIAJAET C PSIOM, CTOSIIUM B MpaBoil yactu paBeHcTBa (16), 1 KoTOpPbIil 1O
YCIOBUIO TEOPEMbI HUMEET Ma)KOPUPYEMYIO CXOJMMOCTh Ha HEKOTOPOM OTpPE3Ke
[x—6,x+6] O(ab) (3amMeTMM, 9YTO B NPOBOAMMOM JOKA3aTENbCTBE X CUMTAETCS

HOCTOSIHHBIM uuciioM). Eciin y4ecTh, 4To wieHbl U)(t) 3TOro psjaa HENpPEphIBHbI, TO
u3 Teopembl 13 MOXKHO caenaTh BBIBOJ, 4TO (yHKUUA f(t) HempepblBHA Ha
[x—6, x+6]. Ilycte Z — mpou3BOJIbHAs TOYKA HHTEpBaia (x—6,x+6). IIpumensis
dopmyiy (13)u3 Teopemsr 13 u hopmyny Herotona-JIeitOHuIIa, moaydaem:

[ ftyat=] @ua(t)jdt = [ = 2 (un(2)-4,00) = 2y (2) = 20,00 = 5@) ~S(x).

n=0' n=0
N3 sTOro paBeHCTBa, BO-TIEPBBIX, HEMEIJICHHO ClIeIyeT, 4To QYyHKIUS S(z) uUMmeeT
MPOU3BOJHYIO TMpHU zD(x—é,x+6), a BO-BTOPBIX, WCHOJB3YS (QopMyITy IS
BBIUUCJICHUSI TPOM3BOJHOM OT HHTErpaja C IEPEeMEHHBIM BEPXHUM IMPENEIIOM,
MOJy4YaeM:

Uf(t)dtj =(S(2)-S(x)) = f(2)=S'(z) = S'(2)=U)(2) +U.(2)+..4U. @)+....

X

[Tonarast 3mech z = x , moiaydaem popmyiy (16).

,Zloxasameﬂbcmeo CICACTBUA U3 TCOPEMBI 14
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Berumcnsas paauyc cxomumoctu creneHHoro psga (17) mo dopmyne w3
teopembl 10, 63 Tpyaa mojy4yaeM, 4TO OH COBMAJACT C PaIUycoOM CXOAMMOCTH R
psana (8). Teneps u3 Teopembl 12 BBITEKAET, YTO IMPH JOCTATOUYHO MasioM O psia (17)
HMECT MaXXOPHUPOBAHHYIO CXOJIMMOCTb Ha OTPE3KE [x -0, X+ 6] 0(-R,R). Tak kak Bce
OCTaJIbHBIC YCIOBHSI TeOpeMbl 14 BBITIOJHSIOTCS TPUBHAIBHO, TO cooTHOomeHHe (17)

CIIPaBEUIMBO.
JIEKIIUM 110 TEOPUH PATOB

YACTbD 3: JOKA3ATEJIbCTBO TEOPEM
Jlexknus 7
Jlokazamenscmeo Teopemsl 15

[Tpu n=0 paBenctBo (19) BeIMONHSIETCS OYCBUIHBIM 00pa3oM. PaccmoTpum
cayuaii n>1. Ilo cnexcreuro u3 TeopeMsl 14 momydaem, uTo Ha mHTEpBajie (-r,r)
paBeHCTBO (18) MOXHO TOWICHHO AU(PQPEPSHIMPOBATL CKOJBKO YTOJHO pas.
[TpoaudpepentiupyemM 3To paBeHCTBO k =1 pas:

k-1

. (k) (k)
f(")(x)=(2cnx”j =(chx” +c, x" +ck+lx"*1+ck+2x"+2+..J =0+c, k(k -2(k - QL+
n=0

n=0
+C,, [k +Dk(k -D(k - 22X +c,,, fk + Ak + Ik(k — Uk - A10ZX>+....
Sleno, uro fX(0)=c, k(k-)(k-20=c, k!, rae k=12,... Takum oOpa3om,
dopmyina (19) nokasana.

Jliist mokazaTenbcTBa TeOpeMbl 16 HaM MOHAA00UTCS CIEAYOIIast JIeMMa.

Jeuma 3. Tlycte ¢ynkuus y=f(x) nuddepenmupyema n+1 pa3 Ha
untepBane (-r,r). Torga ansa mo6oro x O(-r,r) cymecTByeT Touka &, nexainas
Mexay ToukamMu O M X, Takasi, 4TO BBINOJHSCTCS CIIEIYIOIIee paBeHCTBO (ghopmyna
Teiinopa).

f(x)=f(0)+ f’(O)D(+#D(2+...+

f (n) (0) n f (n+1) (E) n+1
m X e X (41
)
Hokazamenvcmeo. Tlpu x=0 paerctBo (41) oueBuano. 3adurcupyem
HepaBHOE HyJII0 uKcio x O(-r,r) u BBegeM clieayromye 0603HaueHNs:
'), 70,
TR T (42
Xn+1 ’ )
f(m

b(t):= f(x)-f(t)- f’(t)[ﬂx—t)—%[ﬂx—t)z—... ﬁ[ﬂx—t)” —wlix-t)™, tO(-r,r).

n!
Beruncium npousBognyto dyHKuu ¢(t), nuddepeHnupys cHavyaia COMHOXHUTENH,

f(x)-f(0)- f'(0) X -
w.=

comepxkamue f , a 3areM BTOpbIE COMHOXHTENH, W TPYHNIUPYS PE3YIbTAThI
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TG PEepeHIIUPOBAaHUS  COOTBETCTBYIOIIMM oOpa3oM (mpu dSTOM X CUHTAETCS
KOHCTaHTOM):

¢’(t):={0— /) £ (t)dx —t) -
() 2(x -

///

(t)[ﬂ _t)2 f(n)(t)[G —t) g f(n+l)(t) [qx—t)” ~
n!

“(n-1!
-1)°0-)-..- f(:_)l(t!) [n-1)ffx —t)"* @-1) -

)
m(x -1)"™ 0-D - w(n+Y(x-1)" Q-9 =
f 1 (t) ) (n)( ) .I: (n+1) (t) N
ol [fx —t)*+ }— x —t)" +

///( ) (X

-t Q-1 - 0-0-

_ f(n)(t)
n!

={f’(t)+ ) x-t)+ Y n

[fx-1)"*
f/// 5 f(n) 1
{ff(t)m(t)mx-m th)tﬂx—t) et g 0 |+

ol - Oty

w(n+)(x-t)" =

OueBunHO, 9To ¢(X)=0 m ¢(0)=0. [To Teopeme Posurs cymecTByeT Takas Touka ¢,
nexaras Mexay ToukamMu O ¥ X ¥ He COBIaJaroIasi C HUMHU, YTO $'(£)=0, TO ecTb:
n FO(E) fm(E) (&)
+1){x-¢&) ———= .
wln+3x~¢) n! x n! (n+2)!
[ToxcraBasst mojdaydeHHOe 3HaueHHEe W B (42), HEMEMJICHHO IojydaeM (Gopmyiy
Teitmopa (41).

=0 > w=

-8)"=0 = w(n+-

/Jlokazamenbvcmeo Teopembl 16

f//(o)
21

Oo6o3HaunM S, (x)= f(0)+ f' ()X + ——[X*+..+ x". Torma, mpumeHss

f (n)(o)
n!

dopmyiy Teiinopa (41), monydaem:
(n+l) (n+1) (E ) n+1
‘f(x) S, (x )‘ () _‘ ‘ r

NN g KT SM G

(mocneHee HEPABEHCTBO CIICAYET M3 YCIOBHM Teopembl). Tak kak psa ¢ oOIUM

n+l

YJICHOM ( cxoautcss (cM. mpumep 25), TO MO HEOOXOIUMOMY MPH3HAKY

n+1)!

cxogumoct (Teopema 1) STOT OOMIMI WIEH CTPEMHUTCS K HYJIIO MPH N - o,

CnenoBatesbHO, Iim‘f(x)—Sn(x)‘=0 npu x0O(-rr). A 5T0 M 03HAYaer, YTo
nN-oo

f(x):i$ﬁ<” npu x O(-r,r).

B ocraBmieiics 9acTM JaHHOW JIGKIMM HamMH OyOyT pPacCMOTpPEHBI Ha
nprMepax BO3MOXXHOCTH TpuMeHeHus ¢opmyn (21)—(26) xk pasnoxeHHo B
CTENIEHHBIE psAbl 0oJiee CIIOKHBIX (YHKIMH, K BBIYUCICHHIO MPHOIMKEHHBIX
3HAYCHUU OJJIEMEHTAPHBIX (YHKIHH, a TaKkKe K NPUOIMKEHHOMY BBIUYHCICHUIO
OIIpE/ICIICHHBIX UHTETPAJIOB.
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Ilpumep 30. Paznmoxxum B cremeHHOM psng ¢yskuuio f(x)=sinx. Ilo
o _ 1
U3BECTHOU (OpMyJIe TPUTOHOMETPHUH HUMEEeM: Sin’ X 25(1_ co2x). IloacraBuss B

paBeHCTBO (24) 2x BMECTO X, HOJIydaeM A J000ro x [(—co,+o0)
2 2 2 . 2 2
COSZX—].—ED( +ZD( —EB( 8!5( —...

1 22 24 2° 28 2 23 2° 2’
2 - = _ _= 2 = 4 _ = 6 8 _ = 2 4 = _= 8
sin x—z{l (1 Z!D( +4!D( 6'5( 85( ﬂ 2'5( 4!D< +6!D( 85(

Ilpumep 31. Pa3noxum B CTeneHHOW psia  (YHKIHUIO f(x):J.e“zdt,

UTPAIOIYI0 3HAYUTEIBHYIO POJIb B TEOPUM BeposiTHOCTEU. [loacTaBiisis B paBeHCTBO

(22) -t* BMeCTO X, mostydaeM st 1o60oro t (- o,+0o):
et =1-t +E—£+ +(—1)”ﬂ+...:i(— ”ﬂ.
2! 3 n! e n!
[IpuMeHsIst CIENCTBHE W3 TEOPEMbI 13 O TMOUIEHHOM MHTErPHUPOBAHUU CTETEHHBIX

pAIIOB, nonyqaeM'
) n 2n+1 3 5 n+1

XZn & (- X X° o an X
,,0 ! { dt_; n Bt e Y (n+dnt "

je‘tzdt
0
Ilpumep 32. Paznoxxum B cTeneHHOU psan GyHkiuwo f(x)= In(x2 +3X + 2) npu

0(-17) . Umeem, mpuMeHsis cBolicTBa norapudma u popmyiy (21):

In(x2 +3x +2) =In[(x + 2(x + 3] = IN(x + 2 +In(x + 1:In{ € }gﬂ+ln(1+x)=

2

—In2+In(1+£)+|n(1+x) In2+(—— X X’ H(-1)™ X" N j+
i 2 2 72 7@ 2"m

2 3 27" 4
+(X—X?+%—...+( )n+1X j In2+z ])n+157

Ilpumep 33. Berumciaum sinl2 ¢ touynocteo a0 0,001. Ilpumenum
paznoxenue (23):

3 5 7
(L2, (12" (2 o =1 1728, 248832 35831808
3! 5! 7! 6 12C 504(
SIcHO, 4YTO pOaHHBIM psAn sBISETCA 3Hakouepeayromumcs. CleoBaTenabHO, II0
TeopeMe 9 MOIyNb OCTaTKa psAfa OLICHUBAETCS MOIYJEM MEPBOrO YJI€HA OCTaTKa.
Takum oOpa3oMm, OCTaTOK Mbl MOXXEM OTOpPOCHTh, HauMHasg C 4YJ€Ha, MOIYJIb
KOTOpOTo OyAeT MeHbIIe TpeOyeMoil TOUHOCTH BhIUUCIeHUs. FiMeem:

l 28 2,48832 3,5831808

2> —=02 =0,0207> —_— 7< 1
12> 0001 0,288> Q001 12¢ 0,0207> Q001 504C =0,0007< Q00

sinl2=12-
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[ToaTOMy OCTaTOK JAHHOTO PsAZla MOXXHO OTOPOCUTH, HAYWHAS C YETBEPTOTO UJICHA.
[Tonyuyaem  npuOdM>KEHHOE  PaBEHCTBO  sinl2= 12- 0,288 (Q020% 09327 ,0933
cripaBeiBoe ¢ TouHocThio 0 0,001.

3ameuanue. Beraucnenue (¢ m000# TOYHOCTHIO) 3HAUCHUH (QYyHKIUH Sinx H
cosx (mpu mo6bIX X), a Takke Gynkuuu arctgx (mpu x 0(-11)) Bcerma MOKeT ObITh

OCYILIECTBIJIEHO TEM K€ CIIOCOO0M, Kak 3TO ObLIO c/ieslaHo B puMepe 33, Tak Kak Ipu
BCEX  YKa3aHHbIX X #0  COOTBETCTBYIOIUIME  DPAABI  6cez0a  SABISIOTCS
3HAKOUEPENYIOIIMMHUCS UM K HHMM MOXET OBbITh NPUMEHEHA OLEHKAa OCTaTKa W3
TeopeMbl 9. 3HaYeHUs Ke PYHKIUM arctgx TpH |X| >1 MOXKHO BBIYHCIIATH C TOMOIIBIO

. 2 .
JeTKO TpoBepsieMoil  (OpMyIIbI 2arctgt:arctgﬁ, MO3BOJIAIOIIEH  CBOJUTH

BBIUMCJIEHUS] ApKTAaHI€Hca OT OOJIbIIMX 3HAYEHU aprymMeHTa K BbIYMCICHUIO
apKTaHTeHCa OT MEHbBIIUX 3HAYCHWH apryMeHTa (YUTATeNro MpeJiaraeTcs

pa3o0paTbCsi B 3TOM CAMOCTOSITEIIBHO).
1

Ipumep 34. Borurcaum e 5 ¢ Tounoctsio 10 0,00001 Ilpumennm (opmyity
(22):
e-§:1_3+1_1+1_1+
5 215% 315° 415° 515° 7
DTOT psill 3HAKOUEPEAYIOIIUIACS, TIO3TOMY OIATh MPUMEHUM METOJIUKY npumepa 33:

1
=0,02> Q00001 3159 =(0,001333> Q00001

15I55 =(0,00000% 000001

1
1>0,00001 -=0,2> 0,00001 -—
5 215

= (0,000067~ Q000Q

415
1
CrnenoBarelnbHo, € 5 =1-02+ Q02- 0001333 ,000006%7 , 0 81843HYHON TOYHOCTHIO.

3ameuanue. Boraucienue (¢ 1r000H TOYHOCTHIO) 3HAYCHHUH (DYHKIIMH € IIpU
X <0 Bceraa MOXKeT OBITh OCYIIECTBICHO TEM K€ CITOCOO0M, KaK 3TO OBLIO CIETIaHO B
npumepe 34, Tak KaKk MPU ITUX X COOTBETCTBYIONIUE PSIbI 6ce20a SBISIOTCS
3HAKOYEPEIYyIOUMMUCA M K HUM MOXET ObITh NpHUMEHEHa OIlEHKAa OCTaTkKa U3
teopembl 9. [Ipu x>0 cuTyanusi HECKOJIBKO YCIIOXKHSIETCS, TaK KaK B 3TOM ClIydae
psan (22) 3uakomnosoxkutesieH. OgHAKO HETPYAHO JI0Ka3aTh, YTO HpU O<X <N +1
CIpaBeyIMBa CJIEIYIONIAsl OT[EHKA €r0 OCTaTKa!
Py XN+1

NI(N +1-x)’

KOTOpasi TAaKXKe MO3BOJISET JOCTUIaTh HEOOXOAUMON TOYHOCTH BBIYMCICHHM MyTeM
oTOpachIBaHUS OCTaTKa, HAYMHAS C HEKOTOPOTO WICHA psija.

IIpumep 35. Bemumcaum 3130 ¢ Toumocteio mo 0,001. [IpencraBum
13C=5° +5. Mcnonw3ys pasznoxenue (26), nmeeM:

[ 1 1 1 11/(1
3130=%/5 + 5= }2—5:5(1+QO43:5(1+§[G),04+—E+ 5—1)[@,001&..):

2! 3

Ry
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1 1
=5+_-[0,2-—[0,008¢....
3 9

SIcHO, 9TO TIOTYYEHHBIN PSIT CTAHOBUTCS 3HAKOYEPETYIONTUMCS, HAYUHASI CO BTOPOTO
yineHa. Tak kak Tpetuit uieH Mesbine 0,001, To ero u Bce mocneayronyde 4YaeHbI

1
MOXHO 0TOpocuth. [loaTomy 130= 5+ 3 [0,2= 5067.

1-cosx

llpumep 36. Brrauciaum j dx ¢ ToyHoctho mo 0,0001. Cuayana,

UCroib3ys Gopmyiy (24), pa3nokuM HOJBIHTETPAIbHYIO (YHKIMIO B CTCIIEHHOW
psi:

x? x*
1—(1—+—..J .
1-cosx _ 2l 4 1 x* x*

x? x? 21 41 6!
OdeBHIHO, YTO TOJNY4YeHHBIH psn (Tak ke, kKak U psa (24)) cxomutes Ha Beel
npssmMoii. [lpumensisi cienctBue w3 TeopeMbl 13 O MOYJICHHOM HWHTETPHUPOBAHHUU
CTCTICHHBIX PSJIOB, MTOJTyJIacM:

0,5 0,5 2 4 3 5 05 3 5
1-cosx 1 x° X 1 X X 0,5 05
X = || ot dX = X —[(1)5— =

-([ x?2 '([(2! 4 4 j (2! 4B 8[bh j 2! 4'EB 616

=0,25- 000174 000061.= ,025 ,0001%#4 , 02483

(1+x)

0,1
Ilpumep 37. Berauciaum J'Iandx ¢ Tounoctbeio 10 0,001 .Mmeem:

R e

0,01 0,001 0,01
=01-——+———.=01-——=0,098.
4 9 4

JIEKIIUU 110 TEOPUU PAIOB
YACTD 4: PAbl ®YPBE
Jlexknusa 8

Onpeodenenue 9. TPUrOHOMETPUUECKUM PSIOM HA3bIBACTCA DS BUA!

RS ,
> + n:l(an COSNX + Db, S|mx) , (43

)

rae a,,a,,b, — AelCTBUTEIbHBIC YUCIA, Ha3bIBaeMble KOA(PPUIIMEHTAMHU TOrO psfa.
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3amMeTuM, 9TO 10 3TOTO MOMEHTa OykBamu a, M b, Mbl 0003HAYAIHM TOJHKO
IIOJIOKUTEIIbHBIE Yuciia. Tenepb Mbl OTKa3bIBAEMCS OT 3TOr'0 COIVIALIEHUS, TaK YTO &,

¥ b, Moryt umeth Jr000# 3HaKk. [lepBbiil uneH psna (43) 3amucan B BUjE % TUTSt

eIMHO00pa3us HIKeCIeIyromux popmyr (45).
Teopema 17. Tlpeanonoxxum, 4to

20|, <
7+HZ:;(|an|+|bn|)<°°' (44
)
Torna:
1) psin (43) cxoauTes BCIOAY HA JACWCTBUTENHLHON NPsMOil R K HEnmpepbIBHOIM
u nepuoandeckor (¢ mepuogom T =2n) ¢yukumm f(x), mpuyem sta
CXOJMMOCTb SIBJIIETCSI MaXKOpUpyeMol Ha R;
2) no ¢pyukiuu f(x) KodQPUUHEHTHI a, U b, BBIYUCISAIOTCS B COOTBETCTBUHU

¢ popmynamu:

1 TU
a, —E_J'nf(x)cosnxdx, n=012,...,

17 _ (45
bn—?[:[nf(x)smnxdx, n=12,...; )
3) cupaBeIUBO clieayrolee paBeHcTBO [lapceBats:
1 r 2 — ag - 2 2
?[:[nf (x)dx-?+;(an +h,2). (46
)

Hoxazamenvcmeso. 1) Onennm oOmwmii wieH psina (43) mpu x OR:

la, cosnx + b, simx|<|a, cosx|+|b, sinx|=|a|d cos|+|b|0 six|<|a,|+|b,
Cornacuo ompenenenuto 8 psg (43) uMeeT MaXOPHPYEMYHO CXOJIMMOCTh Ha BCE
nercTBuTeNnbHOU npsiMoit R. IIpuMeHsis iepByro 4acTh Teopembl 13, rmojgydaem, 4To
cymma f(x) atoro psnma siBisieTcss pyHkuuei, HenpepsiBHOW Ha R. Tak kak Bce
yiieHsl psaa (43) nepuoAudHbl ¢ nmepuoaoM T =2m, To U GyHkuus f(x) obOmamaer
3TUM K€ CBOWCTBOM.

2) [TpumeHsist BTOpyO 4acTh TeopeMbl 13,3aKiIr04aeM, 4TO PaBEHCTBO

f(x):%+§:(aﬂ COSNX + D, simx) 47
n=1

)

J

MO>XHO MHTCIPHUPOBATH IIOYJIICHHO.

s o T

[ f(x)dx = j%dx +i(an [ cosnxdx +h, | simxdxj =%D(|:[ +Z(% Simx
Sn P N et

n=1

n

—— COBX
n

-T

-

=ro, 3 b0 10) =,
n=1

1 T
Takum 00pa3oM, MOTYUYUIIM COOTHOIICHUE a, = o I f(x)dx.

YMHOKHUM Tenepb 00e yacTu paBeHcTBa (47)Ha QYHKIHIO COSMX , M=12,...
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f(x)cosmx:%Ek30$nx+2(an cosx [ caax +b, smx[ cmx).

e (48
OueBuaHo, uto psng (48) Takke HMMEET MaKOPUPYEMYIO CXOAMMOCTh Ha R w,
CJIEA0BATENIbHO, €r0 TAKXKE MOXKHO MOWIEHHO UHTErPUPOBATH:

T

j f (x)cosmxdx :%j cosnxdx +i(anj‘ cosx [ caaxdx +bnj‘ snx [ cmxdx} : (49

- -1t n=1 -1t -1t

1
Mp1 yxe MOoTy4Yuiu, 4To I cosmxdx =0. Jlaiee, ecnmu m# n, TO, MPUMEHSS (POPMYJIIBI

-
npeoOpa3oBaHUil  MPOU3BEAECHUNA TPUTOHOMETPUYECKUX (YHKIMM B CYMMBI,
MOJTy4YaeM:

jcosnx Ccosnxadx :EH cdm+m)x + cds-m)xdx :}(Sln(n+m)x N Slr(n—m)xj
2 20 n+m n-m

Tt

=0.

-T -
Ecan m= n, TO, UCIIOJIB3YA (I)OpMYJILI IIOHUKCHU CTCIICHU, UMECM.

sin2mx)
2m

Tt

° 1t 1
_jﬂcosz mxdx = E_J;(1+ co@2m)dx = E(X +

CoBepIlIeHHO aHAJIOTUYHO, JJIS JIIDOBIX M,n=12,... MOJy4aeMm:

jsinnx Ceoganxdx =0.

-

Taxum oOpa3om, paBeHcTBO (49) nprHUMAET BU/I;

jf(x)cosmxdx =a,m = a, :1—1ij (x )cosnxdx .

YwmHoxast paBeHcTBO (47) Ha sinmx,m=12,., HUHTCTPUPYS MOWICHHO
MOJYYEHHOE COOTHOIIEHUE U BBIUUCIISIS

I
jsin nx Csinmxdx =

-

0, eciu m#n,
T, eciu M=n,

1t .
AHAJIOTUYHO NPEABIAYIIEMY IIOJIydaeM b = ?[j f (x)sinmxdx .

-T

3) 3anuieM paBeHCTBO (47) IByMs ClIOCOOaMM:

f(x)= % + i(an CONX +Db, simx)

n=1

f(x) =i+2(am cosmx +h, sinmx)
2 m=1

¥ TIEPEMHOKHM JIEBBIE U PABBIE YACTH 3TUX PaBEHCTB. Ilomydaem:

2

f2(x) = % +%i(aﬂ cosnX +h, simx) +%i(am coswx +h, simx) +
n=1 m=1

00 [

+>°>"(a,cosnx +b, simx|(a,, cosx +hb, simx):%?+aoi(an ca® +h, six)+
n=1

n=1 m=1
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+> > (a,a, cosx cosnx +a b, cosx simx+ba, s cos+hb, sk swx).

n=1 m=1
Jlerko mokaszath (HOKaXUTE 3TO!), YTO €ClIM MEPEeMHOKATh YKa3aHHBIM CIIOCOOOM
pPAABl ¢ MAKOPUPOBAHHOM CXOAMMOCTBIO, TO B PE3YJIbTATEe TAKXKE MOJYYUTCA DAL,
00J1aJarouii MaKOPUPOBAHHOW CXOJAUMOCTHIO. [I[pOMHTErprpoOBaB €ro MOYJIECHHO U
NpUHUMAasi BO BHUMaHUE MPEIbIAYIINE BBIYUCICHUSI UHTETPAJIOB OT MPOU3BEICHUI
CHUHYCOB M KOCUHYCOB, UMEEM

f f2(x)dx = fﬁ?dx +i(a\12n+b 2T[) :£n+ nzwl(an2 +h 2)
- -T 4 n=1 ) 2 n=1 "

OTKy/a U BeITeKaeT paBeHCTBO [TapceBas (46).

IIpumep 38. Tlomoxkum B (43) ao=§n2,an:n—_2, b,=0,n=12,....

[lony4yaem psn

1 © 4(-1)"
5n2 +;Tcosnx. (50

Nmeem i(|an| + |bn|) = iniz = 4in—12 <o, TaK KaK MOCJIEIHUM PAL ABIIAETCA
n=1 n=1 n=1

pP-TapMOHUYECKUM C p=2>1 U, CIeN0BATEIHbHO, CXOAUTCA. TakuM 00pa3oM, yCIOBUS
TeopeMbl 17 BemosHeHbl W psax (50) cXoauTcs K HEKOTOPOH HENpEephIBHOH, 2T
neproaudeckoi GyHkuuu f(x), s KOTOpoM crpaBeiuBbl paBeHcTBa (45) u (46).
OpHako TOKaMeCcT MBI HE B COCTOSHUU OMPENCTUTh AHATUTHYCCKUN BHUJ ITOU
byHKIHH.

3ameuanue. be3 0cob0ro Tpyaa MOKHO HECKOJIBKO 0000IIUTh Teopemy 17,
paccmarpuBas BMecTo psina (43) psaa

a, ”( NTX . nnxj
5 X{acos v s a3+

)

KOTOPBIN MpencTaBisgeT GyHKIuUIO ¢ nmepuogoM T =2L . GopmynupoBka Teopemsl 17
ocTaeTcsl TOW ke, ecinu B Hel Be3ne, kpome ¢opmyn (45), BMecro Tt mucathb L, a
dbopmyitel (45) mucaTh B BUIE:

15 nTx
a, —E_J'Lf(x)cosde, n=012,...,

15, nmX (45*
bn—f_ij(x)sdex, n=12,.... )

Bo MHOrMX TeOopeTHYeCcKHX W MPUKIAJAHBIX 3a/ladyax ObIBaeT BEChbMa BAKHO
YMETh MPEACTaBIATh QYHKIIMH B BHUJE TPUTOHOMETpPUYECKUX PsiioB. Dopmyiisl (45)
u (45*) pgaror HaM HACKO, KaK MO 3aJaHHOW (YHKIUH IBITAThCS HCKATh
IIPEACTABIIIOIINN €€ TPUTOHOMETPUYECKUH PSLIL.

Onpedenenue 10. Tlyctp f(x) — dyHKIMS, ONpenelieHHas Ha WHTEpBaJe
(-L,L) ¥ mepuoaMYECKHM NPOJODKEHHAs 3a OTOT MHTEPBAT  (GOPMYIION
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f(x+2L)=f(x). Pagom Dypre ¢dyHkumu f(x) Ha3bpIBaeTCs TPUTOHOMETPUUYECKUN
pan (43*%), ko3ddUIHMEHTHI KOTOPOro BhIUKCIACHBI 1O Gopmyne (45*). Dtu
K03 duLMeHTH Ha3bIBalOTC Kodpuirentramu Oypre GyHKIUH f(X) .

Onpenenenne 10 Beaxoit dpynkuuu f(x), y KOTOPOHl CyIIECTBYIOT MHTETPAJIbI

(45%), aumb monvko cmasum 6 coomeéemcmeue TpuroHoMeTpuueckuii psa (43%).
[Toxa MBI HUYETO HE 3HaeM O COBMNaJeHUU QYHKIHH C €€ psagoM Dypne.

Ipumep 39 (mpogoimkenue npumepa 38). Beruncaum kosdunrentsr Oypoe
dyHKIMHN Yy = x*. [leproagudeckoe MpoI0JDKEHUE 3TON (QYHKITUN HMEET BH/I;
yT Hcnonp3ys 4eTHOCTh QYHKIHMHA X, COSX M HEYETHOCTh

GyHKIMU SinnX ¥ UHTErpupys MO 4YacTsaM, 1o Gopmynam
(45) umeem:

3, :%[fxzdx:T—zTJT.[xzdx =

a, —jx cosnxdx——jx cosixdx =

u=x2 = du=2xdx

= 1 ) =
dv=cosnxdx —= v=— sinnx
n

_2 2smnx jsmnx _ 4 fxsinnxdx— u=x = du1=dx B
) T onm Tldv=sinnxdx = v=-—cosi|
0 0 0 n
4 xcosnx|" 1 4( mcosm 1 " _ Acosm _ 4{- )
— +I—cosnxdx =—— - +—5-sinnx
nm n o oNn ntt n n? 0 n? n2

1
b, :—szsinnxdx:O.
Tt

Tt

Takum o6pazom, psix Pypee hyakimn y = x> umeet Bua (50).

Teopema 18 (npusnak dupuxine). [Iycts Gyukmus f(x) u3 onpenencuus 10
orpannuena Ha (—L,L), umeer Ha (-L,L) He OoJee KOHEUHOTO YUCIA TOYEK Pa3phiBa
¥ KyCOYHO-MOHOTOHHA Ha 3TOM HHTepBane (To ecTh uHTepBan (-L,L) MOXHO

pa30oUTh HA KOHEYHOE YHCIIO HETEePECEKAIOINXCsl HHTEPBAJIOB, BHYTPU KOTOPBIX IO
OTIENILHOCTH (DYHKIIMS MOHOTOHHA). Tor/ia BeimoHseTcst paBeHcTBO [lapceBastst, psin
®dypbe 3T0i PyHKIINK CXOTUTCS BCIOAY Ha R u:

1) B Ka)10i TouKe HenpepslBHOCTH X (- L,L) ero cymma paBHa f(x);

2) B KOKIO0M TOYKE pa3pbhlBa X =X, €ro0 CymMMa paBHa %(f(xi —O)+ 1‘(xi +0)),

rae f(x,-0)= lim f(x), f(x +0 = lim f(x);

X-X%; =0 X - X;+0

3) B rpaHMYHBLIX TOYKaxX —L U L ero cymMma paBHa %( f(-L+0)+f(L-0).
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Iokazamenbcmeo OITYyCKacCTCA.

IIpumep 40 (nponosmkenne npumepoB 38 u 39). SIcHo, YTO YCIOBUS TEOPEMbI
18 BemosHeHbI st QyHKIHKA Yy =x*. Tak Kak (YHKIHS HENPEPhIBHA HA 3aMKHYTOM
MHTEepBae [~ T,T] M Ha KOHIAX 3TOr0 MHTEpBANa IPUHUMAET PABHBIE 3HAUECHHS, TO
OYEBHUIHO, YTO PABEHCTBO

[

D

n=1

CONX

BBITIOJIHAETCA BO BCEX TOYKAX OTPE3Ka [— T[,T[]. Ecam B 3TOM paBEHCTBE BMECTO
GyHKIIMU X® 3amucarh €€ MEPHOJUYECKOe IPOJIOJDKEHUE, TO €CTh (DYHKIHIO,
MPEICTABICHHYIO Ha PUCYHKE B mpuMepe 39, TO 3TO paBEHCTBO OYJIET BBHIMOIHATHCS
BCIOJY Ha MPSIMOM.

OBPA3EIl UTHANBUAYAJIBHOI'O 3ATAHUA

IO YUCJIOBBIM U ®YHKIIMOHAJIBHBIM PSIJIAM
3ajgaua 1

HCCHCI{OB&TB Ha CXOJUMOCTH PsAAbl C ITOJIOKUTCIBHBIMH YJICHAMU.

[o0]

1) ZW 2)22 arctg— 3)>.

n=1 n=2 n
)Z )23n+5 6)Zarctg " +2
= (n +1)I * (2n)! n>+3n’
cog(n+4) o 2n
)Z )Z - 2Dy .
(n+1) 3n® +4n 4n® +3
3ajaua 2
VY CcTaHOBUTH XapaKkTep CXOTAUMOCTH 3HAKOUEPEAYIOUIUXCS PSAIOB:

( 1) n+l

(-9" (-10™* S (-p™
l)Z\/n+1 Z(n+1)3”' Z e+l 4)%;(n+1)EI]n3(n+1)'

3amaua 3

Haiit 0651acTh CXOAMMOCTH CTETICHHBIX PSIIOB!

1)2( 1" B/ﬁ 2y (3") )Y )4”m'
n=1N n=1

(x+3)"
n +2n

4)2

3anaua 4

Berancauth ¢ 3a1aHHON TOYHOCTBIO.
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1) In(1,05), <1¢° 0> 0
YO 2 codCh g g, e=10. 4) | $1+ 200k, £=107,
£=1C", £=1C"°, 0 0

3ajgaua 5

Paznoxuts B psig Oypbe GYyHKIHUIO:

1) f(x):M Ha OTpe3Ke [— 72;77]. 2) f(x):{_l npu —1<x<0,
1npu O<x<Ll

PEINIEHUE 3AJTAY

Pemenue 3agauu 1

1) TIlpumenuM Tmpu3HAK OKBUBaJICHTHOCTH (CM. Teopemy 7). 3amuimem

n-7 n 1 - =1
DKBUBAJICHTHOCTh &, = ~ = =b, mpu N - . Psn Zb =Z—
3/ 8 3/ 8 53 n n 53

¥N°+2 [n n n

n=1 n=1

5
SBJIAETCA P-TAPMOHUYECKUM C p=§ >1. IMostomy oH cxomutcst (cM. mpumep 7).

Takum 06pazom, UCXOTHBIN PSAA CXOAUTCS 10 MIPU3HAKY SKBUBAJIEHTHOCTH.
1
2) Tak xak = O mpu N - ©, TO MOXHO NPUMEHUTh SKBUBAJICHTHOCTH!
1 1 . 1 (2)" a @ 2\
arctg—~—. Torma momywaem: @, =2"arctg—~| —| =b,. Psan dYb,=>|=
5 5 5 5 n=1 n=1 5

CXOOUTCA KaK pPAn, COCTaBJICHHBIA W3 YJICHOB FCOMCTpPI‘ICCKOﬁ nmporpeccun ¢

2 .
YacCTHBIM (] =g <1 (cm. npumepsl 1, 3).3HaYUT UCXOMHBIN PSJI TAKXKE CXOMAUTCS TI0

NPU3HAKY SKBUBAICHTHOCTH (CM. TeopeMy 7).

3) Tak xak a, =

MOHOTOHHO Y6BIBaeT, TO MOXHO IIPUMCHHUTH HHTeraJIBHbII;'I

1
nHInn

npusHak Ko (cMm. Teopemy 3). meem:
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t=Inn

TN _dn ta
Jz'adn—inm— dt == !z\/f

N=2-t=IN2, N=0c - t=o00

=2\t

w2=oo—2«/ln =00

In

3HAYUT JTAHHBIN PSIT PACXOIUTCS.
4) [Tpumennm npusHak Jlagamoepa (cMm. Teopemy 4). Boruucnum D :

o = n? 3 _(n+D)? . (n+D?
"+ ™ (n+2)! (n+D)I(n+2)’

n+1

2 | 2
D =lim 2t = iy (MHD7OHDY (DT, L
n-e g neo(n+D)l(n+2)n° n-e(n+2)N° n-en

Tak kak D<1, To UCXOHBIN PSAJT CXOTUTCA.

3+5_3 _,
@n)! @n!

5) 3amumem SKBUBAJIEHTHOCTD. &, =

00 () n
K psaay an = Z npuMeHuM pu3Hak J{amamOepa (cM. Teopemy 4).
n=1 n=1 (Zn)'
3n+1 B 3n+l 3n3

Tak kak b, = = = , TO
2(n+D))! @2n+2)! 2n)!(2n+1)(2n+2)

A . 3"3(2n)! . 3
D =Ilim—/==Ilim =lim =
no g nee(2n)(2n+2)(2n+ 2)3" n-=(2n+1)(2n+2)

[e¢]
CrnenoBartenbHO, Pl an CXOJIUTCSl. 3HAYUT UCXOJHBIM PsAJl TAKXKE CXOJIUTCS MO
n=1

NPU3HAKY 3KBUBAJICHTHOCTH (CM. TeopeMy 7).

6) Ilpumenum panukanbHbli mnpu3Hak Komm (cM. Teopemy 5). Berumcium

2 2
) ) n°+2 ) n°+2 Vs
C=Ilimy/a, =limnlarctg" =lim arct —arctgl=—<1
n-oo " n_>oo\/ 9 n2+3n n-oo gn2+3n 9 4
n® +2

n +3n

(Tp¥ BBIYMCIICHUH Tpejieia yYUThIBAJIOCh, YTO -1 npu N - ). Tak Kak

C<1, To no paaukansHOMYy npu3HaKy Komm psng cxonures.
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7) Uccnenyem psifi Ha CXOJIUMOCTH C IIOMOIIBIO paJuKaIbHOTO npu3Haka Ko (cMm.

TeopemMy 5).

C=lim =limp— =e>l.
im fay = im sl m (ﬂ.mm)z

npenesoB u3BecTHo, 4ro limYyn+1=Iim n =1). Tax xak C>1, To HaHHBIA PsL

(U3 Teopum

n- oo n- oo
PacXOIUTCA.
. _cos'(n+ H_ 1 1 © 1
8) OuienuM 0OOIMKA 4iieH pAna. a, = < =b. . Pan —
) P " 3n%+4n 3n +4n 3n®> " 21 n?

CXOJUTCS, TaK KakK SBJIICTCSA P-rapMoHMYeckuM ¢ P=2>1 (cm. nmpumep 7). Torma mo

> 131 .
TEOPEME 2 n pana an 252—2 CXOOUTCA. CJICI[OB&TCJIBHO N HCXOOHBIN PAL
n=1 n=1 n

CXOJMTCS TI0 IPU3HAKY CpaBHEHUs (CM. TeopeMy 6).

9) Bocnons3yemcs pagukanbHbIM pu3HakoM Komm (cM. Teopemy 5). Umeem:
2n 2
3n° . 3n° _on* _ 9
C=limya, =limn| ———| =Ilm|———| =Ilim =—<1,
[4n2 +3J nm£4n2 +3J n-=16n* 16

n- o n- oo
3HAYUT JAHHBIA Pl CXOIUTCS.

Pemrenue 3axaum 2

1) PaccmoTpuM psiji, COCTaBJICHHBIA W3 MOJYJIEH WICHOB MCXOTHOTO Psia, T.€. PSI

=1
Nwmeem: a, = ——= Tpu N - o, Psx ZT pacxoauTcs, Kak p-
-1 N

=1
;\/n+l \/n+1 iz

1 1
TapMOHUYECKHUI C p—E <1, 3Ha4uT U piA Z . nel pPacXoUTCsS MO MPU3HAKY

OKBHUBAJICHTHOCTH. HCXOI[HBIﬁ pAaad ABIEICTCA 3HAKOYCPCAYIONIMMCHA, TaK KaK OH

hd ) ) 1
UMEET BUI Z(—l)nan, rie a,>0. Jamee wmmeem: lima, =Ilim =0.

n=1 " noo | now,/n+1
OueBUAHO, YTO &, MOHOTOHHO YObIBaeT. Takum oOpa3oM, UCXOJHBIN P CXOAUTCA

no npusHaky JleiiOuuma (cMm. Teopemy 9). tak, NaHHBIN 3HAKOYECPEAYIOMTUNCS PSIJT

YCJIIOBHO CXOJUTCA.
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2) WcciienyeM psii, COCTaBJICHHBIN M3 MOJyJICH WICHOB MCXOJHOTO Psijia, a HMCHHO

Z . IIlpumenum npusHak Jlamambepa (cm. Teopemy 4).
L (n+ 1)3n
+ n
an=#, aﬂﬂ:;ﬂﬂ’ D = lim 2 = jim (n—1)3+1—1<1. 3HauuT
(n+2)3" (n+ 2)3 nwo g n-«(n+2)3" 3

UCCIIeAYeMbIH psif cXoauTcs. [IpuMeHsisi mpHU3HAK aOCOJFOTHON CXOIUMOCTH (CM.

TeopeMy 8), 3aKir04aeM, YTO MCXOMHBIA 3HAKOUEPESAYIOUIUHCS PSS  CXOTUTCS

a0COJIFOTHO.
(_1 n-1 D_On—l
3) [IpencraBum psix B BUC: Z . CocTaBUM DSl U3 MOIYJICH YJICHOB
n=1 n3 +1
@ 10M* . .10t 10"
UCXOTHOTO psija Z— Beraucmum  lim a, = lim ——=1lim —E Tak
n®+1 n-eo n-o./n34+1 n-«10Ch

KaK BBIPAXKCHHUC 110 ITOCICAHNM IIPEACTIOM IMPEACTABIIACT coOoi HEOIIPCACICHHOCTD

(00]
TUIIA (—j, TO AJIA BBIYUCICHUA OTOI'O npez[ena HpI/IMeHI/IM HpaBI/IHO HOHI/ITaHH:
o0
. 10"In10_ . 2n** 10" In*10 _
lima, =lim PrTacrab =lim oo 0. TlosTomMy umccremyeMblit psig ¢
neo " naw 15[nY2 now 15

TIOJIO)KUTENILHBIMU 4WiieHaMH pacxoautcst (cMm. Teopemy 1). Tak kak lima, #0, To

n_ oo
UCXOHBIA 3HAKOYEPEIYIOIIMUCA Psii PAacXOoAuTCcs Mo mpusHaky JleitOnuma (cm.
Teopemy 9).

> 1

4) PaccMoTpuM psin , COCTaBJIEHHBIM M3 MOJIYJEH YJIECHOB
nzzi(n+1) On3(n+1)

UCXOaHOTO psina. [Ipumenum uHTErpanbHblil npusHak Komm (cM. myHkT 3 3a1aun 1).

t=In(n+1)
0 0 _2°°
fadn=| a= =l
1(n+1)Dln (n+1) n+1 met™ 72,
nN=1-t=In2, n=c 5 t=00
o+t -1
2In?2  2In?2
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Tak kak Iandn< 0, TO pacCMaTpHBAaEeMBbIil psj cxoautcs (CM. Teopemy 3). 3HAUUT
1

VCXO/IHBIM 3HAKOYEPEIYIOUIUICS PSIT CXOAUTCS a0COIOTHO (CM. Teopemy 8).

Penrenue 3axauu 3

1

limgfc,|
n—- oo

3nech ‘Cn‘ =— u Ilm q/ = Ilm n =1 (u3 Teopum npeneIon
n? 2Gm  fim \/nef

1) Haitnem paamyc CXOIMMOCTH CTeneHHOro psja mo teopeme 10: R=

n-oo

usBectHo, uto lim ¥n¥? =1). Takum o6paszom, R=1.

N oo

1)2n 00

|1/_ Z ?:)le ) KOTOpLII/I

[Ipu X =—1 ucxoaHbI psg IpeBpalaeTcs B ps Z -

. 3
CXOJIUTCA, KaK P-TapMOHUYECKUH C p=§ >1 (cM. ipumep 7).

n

I[Ipu X =1 nomyuaem psg Z D/_ KOTOPBIH CcXOauTcs abcomoTHO (CM.

NYHKT 2 3a7a4u 2).

ITonHas o6nacTh CXOAUMOCTH XOPOLIO BHJHA HA CXEMC.

a0c.cxoaurcs a0c.cxoaurcs

pacxonmcs[\L a0c.cxoauTcs \L PACXOIUTCS

-1 1

2)
3I’1
na/5"

3 3
~JBlim¥n 5

Nn—- oo

Tak  kak ‘Cn‘ = TO u

1 > (cm. Teopemy 10).

_ _+5
limgfc,] 3

n- o
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HpI/I X =? ojry4yacm 1-FapMOHI/I‘{eCKI/Iﬁ pAaAa Z— , KOTOpBIﬁ PACXOAUTCA (CM.
- N
n=1

npuMepsl Su 7).

. -1
HpI/I X= —? HCXOOHBIN psd IPpUHUMACT BUI. Z( )
n=1

. DTOT psAl YCIOBHO
cxoautcs (cm. mpumep 20).

Mp1 IMOJIYHYHJIN IIOJIHOC OIMMCAHUC obmacTn CXOOIUMOCTH UCXOOHOTO psiaa.

YCI.CXOOUTCA pacxoauTcs

pacxonmcs[\L a0C.CXOIUTCS \L pacxonurcs

oo|a|
oo|§|

3) Jlist HaxOXICHUS pauyca CXOIUMOCTH Bocmoyb3yemcst popmyioit (9). Tak kak

n! (n+1)! _ ni(n+1)
‘Cn‘=—n,To ‘Cnﬂ‘: 4 = a2 . Beraucnum npenen:
nn+)@&" .. (n+1
jim Sl i —(n Vi (D
n-o|c,| n-e A"CADH e
1 1
To ecth R=——-——=— =0 1 UCXOHBIN PsAJT CXOAUTCA B OJIHOM Touke X = 0.
. ‘Cn+1‘ 0
lim
- ‘Cn‘

4) Chavana cleinaeM 3aMeHy NepeMeHHbIX Y =X+ 3. VICXOmHbIi psii MPUMET BHI:

>y 1 _ | _
nzn S+2n Sec ‘C‘_n S+2n’ melf IIrnr]n +2n I|m\/7 =t fora

Nn- oo

—_ 1 =
- m—w =1 (cm. Teopemy 10).

Nn— oo
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IIpu y =1 nony4um psn i# KOTOpBIA cxoautcs (T.K t 1 npu
~=n+2n’ " n*+2n n®

n- oo, paa Z_S CXOOAUTCA KaK 3-FapMOHI/IqCCKI/If/'I paa (CM. IpuMEp 7, ITYHKT 1
n=1

3amaun 1)).
00 (_1)n .
[Ipu y=-1 nmomyuum psj 23—2, KOTOPBIA CXOAMTCS a0CONIOTHO (Tak Kak
n=1 n + n

Pl COCTaBICHHBIM W3 MOJYJIEH 4YJIEHOB 3HAKOYEPEAYIOUIErocs psAla CXOAUTCS

(cM.Teopemy 8)).

n

y

00
O61acTh CXOIUMOCTH psiia Z 3

omnpeaesieTcs HepaBeHcTBaMu — 1<y <1.
n=1 n + 2n

BosBpamasice k nepemeHHoi X nomyunm: —4< X< -—2. Mcxoanslit psg abCOIOTHO

cxoaurces, eciay X[ [— 4; —2] , ¥ pacxoautcs, ecinu X[ [— 4;—2] .

a0c.cxoaurcs a0c.cxoaurcs

]f)aCXO,I[I/ITC}I\L a6C.CXOIlI/ITCH \l/ PaACXOOUTCA

-4 -2

Pemenue 3agaum 4

1) [MoxcraBuB B dpopmyiry (21) 0,05Bmecto X, momydaem pas3iioxkeHHE B CTCIICHHON

psaa GyHKIUN

In(105) =In(1+ 005) = 005- 005" + 005" + ...+ﬂ 005™ + ...

2 3 n+1
OTOT psin sABIsETCS 3HaKouepenyrommmcs. CiaeaoBarenabHo, MO TeopeMe 9 ocTaTok
psiga Mbl MOXKEM OTOPOCHTH, HauMHAs C 4i€Ha, MOJYJb KOTOpPOro OyAeT MEHbIIe
TpeOyeMOoi TOUHOCTH BbIYMCIeHUs £ . UmeeMm:

0052 005°

=0,00125>0,0001; = (0,000041<0,0001. ITo3romy

0,05>0,0001;

OCTAaTOK AAaHHOI'0 psga MOXKHO 0T6pOCI/ITb, HadrHasA C TPCTbLETO YJICHA. HonyqaeM

npubmmkenHoe 3nadenue IN(1L,05) =0,05-0,00125=0,04875=0,048¢.
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71
2) Hanomunm, uro cosLQ’ :COSE. Bocnonb3yemcst popmymnoit (24). Iloacrapmnsis

7
1_8 BMECTO X, IIOJIy4acM CICAYIOIICC PA3JI0XKCHUC.

i) ()l
o187 18 +..+(-)" 18) ..

18 2! 4 (2n)!

<0,001=¢&, 10 WO

4
T
. 18
SIcHO, 4TO ATOT paAa 3HaKouepexdyromuiicsa. Tak kak 4
TeopemMe 9 IS MOCTHMKEHUS HY)XHOM TOYHOCTH MOXHO OTOPOCHTH BCE UJICHBI

INOJIYYCHHOTI'O psaaa, Ha4YunHasdA C TPETHCTO. To €CThb

COS]% =1-0,01522=0,98478= 0,985 c Tounoctsto € =0,001.

3) Ucnonb3ys hopmyry (23), monyuuM pasiiokeHHe MOABIHTEIpaIbHON (YHKIIUN B

6 XlO

CTEeHHOM psi: SiNX® = X° 3 + 5 +...

OueBHIHO, YTO MOJy4YeHHBIH psa (Tak ke kak u psaa (23)) cxomuTcss HA Beew
yucioBol mpsimoit. Ilpumensisi Teopemy 13 O MOYJIEHHOM HMHTETPUPOBAHUH

CTCIICHHBIX PAJI0B, IIOJIY4aCM.

05 05 6 .10 3 ; 1 05
jsinxzdxzj -2 X = X L =
5 5 3 5l 3 3 511 o
_05° 05" o5
= - + +..

3 37 51

[TonyueHHBIH psa yAOBJIETBOPSET BCEM YyCJIOBHSAMHU npu3Haka JleiOnuma. Tak kak

0511
511

<0,0001 to mo Teopeme 9 Mg MOCTHUKEHUS HYXKHOW TOYHOCTH MOIKHO
OTOpPOCHTh BCE WIECHBI MOJYYCHHOrO psija, HauyMHas C TpeTrbero. To ecThb

05
j sinx?dx = 0,0417- 0,0002= 0,0415.
0
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4) Hpumernm dopmyiy (26). [Tonyunm pasnoxerne pyrkmun Y1+ x° = (L+ x3) %2

B cTenieHHOU psi st X [(—=11):

@+ x3%%%® =1+ 025x3 +

0,25((?2'25—1) S s 025(0,25—1)..I.(o,25— N+ o,
n

[To Teopeme 133TOT psii MOKHO MOYIICHHO HHTETPUPOBATH MO OTPE3KY [O; 0,6] )

0,6 0,6 —
[ @+x3%dx=] (1+ 025x° + 0'25(2"25 Dye s ...)dx =
! !

0

4 _ 7 06
=£x+ 025% + 025(‘;25 1)"7 + } = 0,6+ 0,0081- 0,0001¢+ ...
) 0

Tak xak Tpetuit wied menbiie 0,001, To ero m Bce MOCHEIYIOMIUE YJIEHBI MOXKHO

06
oropocuts. [TosTomy I A+ x3)%*dx=0,608.
0

Pemenue 3agauu 5

1) Tloctpoum rpaduk ¢GyHKIHH f(x), NEePUOINYECKH MPOJOHKEHHOM Ha BCHO

YHUCJIIOBYIO OCh.

- 371 - 27 -7 0 7 2N 37

[TockonbKy (QyHKIHS f(X) yeTHast, T0 Bce kodpduuuentsr b, =0. [To popmynam

(45) naiinem k03 PUIIUCHTHI:
T
0

X2

17 19 17 A
a, :7—T_J.”f (X)dX= —;JﬂXdX+;£XdX:7T£dez -
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- dv=cosnx u=x

T
an=lff(X)C08nXdX=ijcosnxdx= 1 =
Ty Ty v==sinnx du=d
n
. V4 T T
=E{Xsmnx —ljsinnxdxlzgizcosnx{ =i2(cosm—1)=iz((—l)”—1)_
T n 0 no n 0 n m

Wrak, pasnoxenue pynkuun f (X) = M B psig Dypbe umeeT BU:

f(x)=m+ i%((—l)” —1)cosnx.

n=1

2) [lepuon pyukuun f (X), MPOJIOKEHHOM Ha BCIO YHCIIOBYIO OCh, paBeH 2.

y
[r— 1—l I —
i i i i )
2 1 0 1 2
-1

[lo ¢gopmymnam (45*), yunuTeiBas HEUETHOCTh (YHKIMH, HaWgeM KO3()PHUIIMEHTHI
®dypoe pyHKIHIN f(X):
a,=0; a,=0;
1

1
b, =2j8in—nmdx:—£cosn =£(1—COS7T‘) zi(l”(‘l)nﬂ)-
1971 n7 o N7 Nt

Taxum o6 Dypse b f(x) {_Mpu hex=o
akuM oOpa3oM, psaa Pypbe GyHKITUN = MIMEET BUI:
1npu 0<x<I

(o]

f(x)= Z%T(1+ (—1)”+1)sinn77<.

n=1

50



